
Math 2102: Worksheet 4

1) Suppose that x, y are vectors in a vector space V and let U,W ⊆ V be two subspaces. Assume
that U + x = W + y, prove that U = W .

2) Let U ⊆ V be a subspace and assume that V/U is finite-dimensional. Prove that V ≃ U × V/U .

3) Let T ∈ L(V,W ) and consider U ⊆ V . Let π : V → V/U denote the quotient map. Prove that
there exists S ∈ L(V/U,W ) such that S ◦ π = T if and only if U ⊆ nullT .

4) Let α, β ∈ V ∗. Prove that nullα ⊆ nullβ if and only if β = cα for some c ∈ F.

5) Let W be a finite-dimensional vector space and consider T ∈ L(V,W ).

(i) Prove that T = 0 if and only if T ∗ = 0.

(ii) Is the same true if W is not finite-dimensional?

6) Let V be a finite-dimensional vector space. Consider λ1, . . . , λm ∈ V ∗ a collection of linearly
independent (linear) functionals. Prove that

dim((nullλ1) ∩ · · · ∩ (nullλm)) = dimV −m.

7) Let m ≤ n be two positive integers. Consider α1, . . . , αm ∈ F. Prove that there exists a polynomial
p ∈ F[x] of degree n such that p(αi) = 0 for 1 ≤ i ≤ m and p has no other zeroes.

8) Let m ≥ 1 be an integer and consider z1, . . . , zm ∈ F distinct elements and w1, . . . , wm ∈ F (not
necessarily distinct). Prove that there exists a unique polynomial p ∈ Pm(F) such that p(zi) = wi

for 1 ≤ i ≤ m.

9) Let p ∈ C[x] be a polynomial with complex coefficients. Define q : C → C by q(z) = p(z)p(z̄),
where p(z̄) is the polynomial obtained by conjugating all of the complex coefficients of p(z̄). Prove
that q is a polynomial with real coefficients.

10) Let p ∈ F[x] be a non-zero polynomial. Consider U := {pq | q ∈ F[x]} ⊆ F[x].

(i) Show that dimF[x]/U = deg p.

(ii) Find a basis of F[x]/U .
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