Math 2102: Homework 5
Due on: Apr. 29 at 11:59 pm.

All assignments must be submitted via Moodle. Precise and adequate explanations should be given to
each problem. Exercises marked with Extra might be more challenging or a digression, so they won’t
be graded.

1. Let n > 1. Consider 8 : V*™ — F an n-linear map.

(i) Let av: V*™ — F be defined by
a(vl,...,vn) = Z sign () B(Va(1ys - - Vo(n))-
oESy

Prove that o € L}, (V), i.e. « is an alternating n-linear map.

(ii) Let a: V*™ — F be defined by
a(vy,...,0p) = Z B(Va(1)s -+ Va(n))-
0€Sn
Prove that a € L{,,(V), i.e. o is a symmetric n-linear map.
(iii) Give an example of an alternating 2-linear map « on R? such that there are linearly indepen-
dent vectors vy, vy in R? such that a(vy,v2) # 0.

2. Let T' € L(V') be an operator.

(i) Assume that T has no eigenvalues. Prove that detT > 0.

(ii) Suppose that V' is a real vector space of odd-dimension. Without using the minimal polyno-
mial, prove that 7" has an eigenvalue.

3. Given vector spaces V, V', V" we say that a composition of morphisms:

V/ 2% V pv VI/

is an exact sequence, if it satisfies:
a) nulley = {0};

b) range:y = null py;

c¢) rangepy = V.

. 7 7
Consider two exact sequences V' —Y— V -2 V" and U —Y— U 22 U” .

(i) Prove that one has an exact sequence:

VieU WO, yau PUEV, yr gy,

(ii) Prove that there are linear maps:

VieU Y&V, yveou 2E, yr gy (1)

(iii) Is the sequence (1) exact? What fails? Consider the cases of V and U trivial, one-dimensional
and with dimension(s) greater than two to understand the general answer.



