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ABSTRACT. In this paper, we initiate the study of affine character sheaves. We start by
considering D(%) an approriately defined category of étale ¢-adic focus on the quotient
stack % of a loop group LG by its conjugation action. The first main result is a decom-
position of % into locally closed finitely presented substacks corresponding to Newton
strata, which gives a semi-orthogonal decomposition of the D(%) Our second main re-
sult is a realization of the categorical cocenter of the affine Hecke category D(Iw\LG/Iw),
i.e. the category of unipotent affine character sheaves, as a full subcategory of D(%)
We finish by constructing a semi-orthogonal decomposition of the category of unipotent
character sheaves using the Newton strata, this provides a categorification of the Newton
decomposition on the cocenter of the Hecke algebra of the p-adic groups, as established in
[12]. Our results hold both in the mixed and equal characteristic set up.
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INTRODUCTION

0.1. Lusztig’s Theory of Character Sheaves. We first give a brief review of Lusztig’s
theory of character sheaves on reductive groups. Let G be a connected reductive group over
an algebraically closed field k. Let G be a group scheme over k, such that G = G(k) and
pick a maximal torus and Borel 7' C B C G subgroup schemes. One has B = TU, where
U is an unipotent group scheme. We have a Bruhat stratification G = U,cw BwB, where
each BwB — G is a locally closed subscheme and W is the Weyl group of G. We then have
natural maps of quotient stacks:

B\G/B+1-& T, ¢&
where % denotes the quotient stack of A under the conjugation action of the group H. The
character functor is given by

CH:=poq :D(B\G/B)— D <g> ,
where D(—) is the derived category of constructible sheaves on the quotient stacks. The
category of (unipotent) character sheaves is the full subcategory of D (g) generated by the
essential image of C'H under colimits.

It was observed by Ben-Zvi and Nadler in [4] that for k& the complex numbers and
considering D-modules as the sheaf theory, the category of unipotent character sheaves is
the categorical trace of D(B\G/B). At the level of abelian categories this was first proved
in [6].

When k is a field of positive characteristic, for instance k = F, then one can relate
character sheaves on G to character of the group G(F,). Indeed, we consider the theory
of étale constructible sheaves on G and let ¢ : G — G be the Frobenius morphism. Given
F a character sheaf on G with o*F = F. The trace of Frobenius on the stalk of F over
g € G° = G(FF,) yields a characteristic function on the finite group G(F,). In fact, all the
almost characters of G(F,) can be obtained in this manner.
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In the case of étale (-adic sheaves it was initially proved in [30] that character sheaves are
obtained as the categorical trace of the abelian category of perverse sheaves on B\G/B and
the statement for the stable co-categories of derived sheaves was proved in [21], building on
the argument of [4].

Our ultimate goal is to generalize Lusztig’s theory of character sheaves to loop groups.
In this paper, we study the categorical trace (co-center) of the affine Hecke category, which
is expected to realize the derived category of unipotent affine character sheaves. We realize
the categorical trace as a subcategory of étale constructible sheaves on the loop group
equivariant with respect to the conjugation action.

The point of view that we will adopt is to define the derived category of (unipotent)
character sheaves as the categorical trace of Iwahori-equivariant étale constructible sheaves
on the affine flag variety. We will realize such defined category of (unipotent) character
sheaves as a full subcategory of the category of étale constructible sheaves on the loop
group equivariant with respect to the conjugation action.

0.2. Newton Decompositions. Given a perfect field k, let L = k((€)) or L is a non-
archimedean local field whose residue field is k. We consider a connected reductive group
G over the field L, where k is an algebraically closed field. Let LG be the loop group
ind-scheme, its k-points are given by G(L). This is actually an ind-perfect scheme in the
mixed characteristic case, we will ignore this point in the introduction see §2.1 for details.
Consider 6 : LG — LG an automorphism of LG and let ( e denote the quotient

stack by the f-twisted conjugation action, i.e. (g, h) — ghf(g ) . There are two main cases

of interest: # is the identity and 6 is the Frobenius, when k is of characteritstic p.

The quotient stack WGLG) is a very complicated object to study. The first problem is
that LG is not an ind-finite type scheme the second is that we are taking the quotient by
LG itself. Many results can be proved by relaxing either of these difficulties:

e in [7] one consider the quotient m, where € is the comptact part of the Lie algebra
of LG, which is a placid scheme (see §1.4.4);

e if one considers LG/Iw or Iw\LG/Iw for Iw the Iwahori subgroup scheme, which is a
placid scheme, then many results are proved for the categories D(LG/Iw) and D(Iw\LG /Iw)
(e-g. [5]).

Before stating our results we review what was known at the level of k-points about the
quotient stack 7 ( Gy For L = Qp and § = o the Frobenius automorphism of G, in [23,

24], Kottwitz classified the set B(G) of o-conjugacy classes of G by using the Kottwitz map
and Newton polygons. In [12], the first author established a bijection B(G) ~ W /o W,
where W - W is a subset of special o-twisted conjugacy classes of W (see §2.1.2 for a
precise deﬁnltlon) and for each point O € W/, W defined a locally closed (admissible)
subset Go C G stable under G conjugation, such that G= Uy, WG@

In the first author’s joint work with Nie [16], these results were generalized to L = k((¢))
and 6 is any automorphism of G determined by a length-preserving automorphism of w.
That is one has a decomposition:

9

(01) G~ uOEW//gvvao,

where each Go is a é—conjugation stable locally closed admissible (see §2.1.2 for an expla-
nation of this terminology) subset.
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0.3. Schematic decomposition of % In the rest of the introduction, for simplicity, we

only discuss the case where 6 is the identity map and we write % instead of % In

the main context, we also consider the nontrival group automorphisms.
The first main result of this paper is a lift of the decomposition (0.1) to the level of
ind-schemes:

Theorem 0.1. For each Newton point O € W /o W there is a reduced ind-scheme LGp
equipped with a finitely presented locally closed embedding jo : LGo — LG, such that
LGo(k) ~ Go.

The schematic image is always closed and thus it is difficult to define a locally closed
subscheme without using its closure. Thus despite the notation LG, we need to define
LG5 before introducing LGo. This definition is more involved than the definition of éo
even set-theoretically.

The definition consists in picking a representative wo € W and studying the conjuga-
tion action of a truncation of LG on the Schubert variety corresponding to wp. Using
the Deligne-Lusztig reduction method of [13], we can reduced the analysis to the straight
elements in W. In this case the conjugation action can be “locally” factored through a fp
quotient and the schematic image stabilizes when passing from local subspaces of LG to
the whole LG. This leads to the schematic definition of LGa. One defines LGo as the
complement of the smaller closed strata. Finally we check that the the open part does not
depend on the choice of wy, which implies that the closed stratum is also independent of
we.

0.4. Decomposition of D(%) At this point it is important to discuss the sheaf theory
considered in this paper. There are many obstacles to defining a good enough sheaf theory
on the stack % The first is that LG itself is not an ind-scheme of finite type. Thus, one
needs to consider sheaves on scheme not of finite type. However, one can present LG as a
filtered colimit of placid schemes, these are schemes possibly of infinite type on which one
still has a good theory of sheaves. The notion of placid scheme was previously considered
in [33, 7], but their definition is not enough for the sheaf formalism that we need. The
definition of placid scheme we use is the more general notion introduced by Hemo and the
third author in [20]. The main point is that when restricted to placid stacks the sheaf theory
recovers some of the coherent six-functor formalism, that was lost on schemes not of finite

type.
The second problem is how to take the quotient of LG by itself. A sheaf theory on
the quotient % can be defined as the right Kan extension of sheaves on all schemes, i.e.

constructible sheaves on % are !-pullback compatible collections of sheaves on each scheme

mapping to it. In this set up one can have *-pushforward and !-pullback glueing for fp closed
embedding. However, to formulate a semi-orthogonal decomposition one wants to perform
I-pushforward and !-pullback glueing. This is achieved by restricting to placid stacks, i.e.
stacks that admit a cover by placid schemes. Then, the open-closed for the sheaf theory on
placid stacks, ind-placid stacks or sifted-placid stacks, reduces to the open-closed glueing of
sheaves on placid schemes, which has a *-pushforward and pullback and !-pushforward and
pullback open-closed glueing for finitely presented embeddings.

After the sheaf theory on LG g established, we obtain our second main result, which is

LG
a categorical version of Theorem 0.1:



5

Theorem 0.2. One has a semi-orthogonal decomposition of D (%) indexed by %4 / W,
whose strata is given by D (LLG—é?)

The result Theorem 0.2 follows formally from Theorem 0.1. However, we notice that
since the set W / W is not totally ordered the notion of semi-orthogonal decomposition is
more subtle than usual definitions in the literature, e.g. [1]. In the appendix, we provide
a summary of the theory of stratifications (aka semi-orthogonal decompositions) of stable
oo-categories as developed in [3] but adapted to the context of constructible sheaves on
infinite-dimensional objects.

0.5. Categorical trace of affine Hecke category. Our last result is:

Theorem 0.3. Let Iw be the Iwahori group scheme determined by the choice of an Iwahori
subgroup of G. Consider the affine Hecke category D(Iw\LG /Iw).

(1) The categorical trace Tr(D(Iw\LG /Iw)) is afull subcategory of D ( ) genemted under

colimits by the essential image of CH := p,oq' from D(Iw\LG/Iw) to D ( ) defined
via pull-push with respect to:

LG LG
Iw\LG/Iw P Ve L N 16 -

(2) There is a semi-orthogonal decomposition of Tr(D(Iw\LG/Iw)) indezed by W || W,
whose strata is given by Tr(D(Iw\LG/Iw)) N (io) (D <LLGGO)>, and is generated un-

der colimits by the restriction of CH to the subcategory D(Iw\LG,/Iw) for certain
elements w € W.

For the affine Hecke algebra H, it was proved in [17] that the cocenter H has a stan-
dard basis {Tp}, where O runs over conjugacy classes of W. This leads to the Newton
decomposition of the cocenter of affine Hecke algebra

H = @H,, where H, is spanned by the image of T},, for certain w € W.

Part (2) of Theorem gives a categorification of the above result. Our semi-orthogonal
decomposition is also a refinement of the decomposition obtained in [25]. In the case where
0 is the Frobenius automorphism, the analogue of Theorem 0.3 was obtained by Hemo and
the third author in [20].

To compute the categorical trace, one may apply a general theorem of Lurie’s that al-
lows one to concretely compute the colimit of a simplicial diagram of oco-categories. The
procedure is to find an augmentation of the simplicial diagram such that all the connecting
functors in the augmented diagram admit coherent right adjoints. One way to actually
realize this strategy is to use geometry, namely to compute the so-called geometric trace
(cf. [20, §7]). In our situation, the augmentation is provided by the category D (%) and
the character functor CH = p,¢' := D(Iw\LG/Iw) — D (%) However, to understand the
augmented diagram, we also need right adjoints to the functors ¢' and p,. The functor ¢'
that causes problem, since its fibers are not representable.

Thus, we consider an ind-finite version of sheaves, i.e. ind-extension of constructible
sheaves on placid stacks, which are defined by descent on a cover by placid schemes (see

§1.5.3). In the context of ind-finite sheaves on % and Iw\LG/Iw, one has an adjunction

ren

(¢', ¢=™) and the geometric trace of D(Iw\ LG /Iw) agrees with the categorical trace. Finally
to prove part (2), we use the specifics of the definition of D (LGp) to check that the Newton
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decomposition of D (%) is compatible with the cocenter Tr(#), and the (upgraded version
of) Deligne-Lusztig reduction on the sheaf in D (%)

Acknowledgment: We thank Quoc P. Ho for explaining his paper [21] with P. Li,
especially the Beck-Chevalley condition on the categorical cocenter of the Hecke category.
XH is partially supported by the New Cornerstone Science Foundation through the New
Cornerstone Investigator Program and the Xplorer Prize.

1. CONSTRUCTIBLE SHEAVES

1.1. Conventions and notation.

(a) Let F' denote a discretely valued (complete) local field, O C F its ring of integers,
m C Op its maximal ideal and k := Op/m the residue field, which we assume is
algebraically closed.

(b) Let Pr denote the co-category of presentable stable co-categories with morphisms exact
functors. Let Prl (resp. PrR) denotes the subcategory of Pr where morphisms are
left (resp. right) adjoints. The category Pr has limits and colimits ([10, Chapter 1,
Corollary 5.3.4]) and Pr® (resp. Pr®) is closed under limits (resp. colimits). One has
an equivalence Prt = (PrR)°P given by passing to the right adjoints ([29, Corollary
5.5.3.4]).

(¢) Colimits in Pr™ can be computed as follows. Given a small diagram C, : I — Pr¥| let
CR . 1°p — Pr® < Pr denote the diagram obtained by passing to right adjoints. One
has colim; C; = limjop Clﬁ, where the colimit is taken in Pr" and the limit in Pr ([10,
Chapter 1, Proposition 2.5.7] or [29, Corollary 5.5.3.4]).

(d) Let ¢ be a natural number coprime to the characteristic of k. The ring of coefficients E
for the sheaf theories that we consider in this article can be very general, for instance
we can consider E = Fy, Zy, or Q, ([20, §10.2.1] for the detailed assumptions). For a
choice of E¥ we let Modg be the derived co-category of complexes of E-modules.

(e) The Lurie tensor product ([28, §4.8.1]) endows Pr™ with the structure of a symmetric
monoidal co-category. The stable co-category Modg is a commutative algebra object
in Prl ([28, Theorem 4.5.2.1 and Theorem 7.1.2.13]).

(f) Let Lincatg denote the oo-category of Modg-modules in Prt. We also let Lincat®
denote the subcategory of Lincatp whose objects are compactly generated co-categories
and morphism are compact object preserving functors.

(g) We also need the small variant of (f). Let Linca‘cljéerf denote the oco-category of small
idempotent complete E-linear stable co-categories with morphisms exact functors.

(h) The contexts (f) and (g) are related via the equivalence
Ind : Lin(:atllz-,erf < Lincaty® : (—)*

where Ind is the construction of formally adding all filtered colimits and (—)% passes
to the subcategory of compact objects.

(i) One has self-dualities Lincat* — Lincat;® sending C to CV and similarly Limcaut%erf =
Lincaut%erf sending Cp to Cy*. These are related by (h), given Cy € Lincatlj,);rf one has

Ind(Cp)¥ = Ind(C5P).
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(j) When we have a pair of functors between two categories, unless otherwise stated we
will always write the left adjoint functors on top of the right adjoint.

(k) Given a commutative diagram of co-categories:
c _F N Y
(1.1) Gcl lGD

we will say (1.1) is horizontally left (vesp. right) adjointable if F' and F admit left
(resp. right) adjoints (F')* and F* (resp. F'® and F®) and the canonical morphism:

FoGp — Geo (F')Y  (resp. Ge o (F)E —>FROGD)

is an equivalence. We will say that (1.1) is vertically left (resp. right) adjointable if the
transposed diagram is horizontally left (resp. right) adjointable.

1.2. Review of geometric objects. In this subsection, we review some algebro-geometric
objects on which we will consider the theory of constructible f-adic sheaves.

1.2.1. Prestacks. Let Aff be the category of (classical) affine k-schemes. Let Sch denote the
category of quasi-compact quasi-separated (qcqs) k-schemes and Schy, the full subcategory
of schemes of finite type. Let AlgSpc denote the category of qcqs algebraic spaces and
AlgSpcy, the full subcategory of algebraic spaces of finite type.

A prestack is an accessible functor 2 : Aff°® — Spc from the opposite of the category of
affine schemes to the co-category of anima. We let PStk denote the category of prestacks.
A stack is a prestack that satisfies descent with respect to the étale topology on affine
schemes. A k-space is a stack 2" such that for every affine scheme S, the space Z°(.5) is
discrete, i.e., all its positive homotopy groups vanish.

Let f: 2 — % be a morphism between prestacks. We say that f is affine (resp.
schematic, representable, open, closed, locally closed) if for every S — %, where S is an

affine scheme, the base change 2" x S is an affine scheme (resp. qcgs scheme, qcgs algebraic
Y

space, an open embedding, a closed embedding, a locally closed embedding)'. We say that
f is fp-affine (resp. fp-schematic, fp-representable, fp-open, fp-closed, fp-locally closed) if in
addition 2 ; S — S is finitely presented.

1.2.2. Ind-schemes. A k-space 2 is said to be an ind-scheme (resp. ind-algebraic space) if
it admits a presentation colimy X; — 2, where I is a filtered diagram, each X; is a qcqs
scheme (resp. gcgs algebraic space), and for each i — j the morphism X; — X; is a finitely
presented closed embedding?.

An ind-scheme (resp. ind-algebraic space) 2~ ~ colim; X; is said to be ind-fp if each
X; € Schg (resp. AlgSpcy ). An ind-scheme (resp. ind-algebraic space) 2" ~ colimy X; is
said to be ind-fp-proper if each X is proper.

Similarly to §1.2.1, we say that a morphism f : Z° — % between prestacks is ind-
schematic (resp. ind-representable) if for every S — % where S is an affine scheme the base

INote that as we impose the qcgs condition, the notion of schematic (resp. representable) morphisms
considered in this article is slightly more restrictive than the same named notion in literature.

2These are known as reasonable ind-schemes (or ind-algebraic spaces) (e.g. [33, §6.7]) and are more
restrictive than general ind-schemes (or ind-algebraic spaces), but they will be enough for our purposes.
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change 2" x S is an ind-scheme (resp. ind-algebraic space). Furthermore, an ind-schematic
v

or ind-representable morphism f : 2 — % is ind-fp (resp. ind-fp-proper) if every fiber
2 x S is ind-fp (resp. ind-fp-proper).
8

1.2.3. Variant: Perfect geometry. In the mixed case, i.e. F' has characteristic 0 and char k =
p we have the following variation of the previous geometric objects (see [37, §A.1]).

Let AffPef denote the opposite of the category of perfect k-algebras. In this setting a
perfect prestack is a functor 2 : AffPf s Spe and a perfect k-space is stack with respect
to the fpqc topology. The restriction along AffPeHP <y AffP gives a functor

(=)pert : Fun(Aff°P; Spc) — Fun(AffPerioP Spe)

called the perfection functor.

Following [36, Appendix A], we let SchP®™ denote the category of qc gs perfect k-schemes,
i.e. perfect k-spaces that satisfy Zariski descent and admit a Zariski atlas. We let AlgSpcPe™
denote the category of qc gs perfect algebraic spaces, i.e. perfect k-spaces that satisfy

étale descent, have (perfect) schematic diagonal and admit an étale surjection from a per-

fect scheme. By [37, Lemma A.12] the composition Schyers < Sch (_Efrf SchP (resp.

AlgSpcper < AlgSpe (_gerf AlgSpcP?) is an equivalence, where Schpert (resp. AlgSpe,er)
is the subcategory of k-schemes (resp. algebraic spaces) X such that the Frobenius morphism

ox : X = X is an isomorphism. Implicitly using this equivalence we let:
(1.2) tpert : SChPT e Sch 4+ AlgSpeP®™ < AlgSpe

denote the inclusion of perfect qc gs schemes (resp. algebraic spaces) into qc gs schemes
(resp. algebraic spaces). One has adjunctions (tperf, (—)pert)-

Recall a morphism f : S — T between perfect affine schemes is said to be perfectly
finitely presented, if there exist f : § — T a finitely presented morphism between affine
schemes, such that fperf = f. Thus, we have the definitions completely analogous to §1.2.1
and §1.2.2 by replacing finitely presented (fp) everywhere by perfectly fintiely presented
(pfp).

1.3. Sheaf formalism: general setup. The amount of data encoded by the different
sheaf formalisms that we need in this article can be understood in three instances:

(1) a 3-functor formalism on the most general geometric objects, e.g. sheaves on prestacks
with arbitrary !-pullback, and *-pushforward for representable ind-fp morphisms;

(2) a 3-functor formalism on sifted placid stacks where one has left adjoints for !-pullback
along representable ind-fp morphisms and left adjoints for x-pushfoward along repre-
sentable fp morphisms;

(3) a 3-functor formalism on ind-placid stacks where one has right adjoints to !-pullbacks
with respect to certain non-representable morphisms (weakly cohomologically pro-smooth)
with enough base change.

1.3.1. 3-functor formalism. Now we introduce a couple of abstract definitions to conve-
niently express the iterations of the sheaf formalisms and perform the extension steps that
we need. Let C be a category of geometric objects, e.g. C = Schy or C = PStk.
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Definition 1.1. Let C be a category and consider two classes of morphisms FEj, F,., such
that pullbacks of the form (1.6) exists, whenever gy € E, and f € E;. We also assume that
FE; and FE, contain all isomorphisms and are stable under compositions and pullback. The
category Corr(C)g,;g, has as:

e objects the same as objects in C;

e morphisms X ~» Y given by correspondences X <L Z 25 Y, where f€E and g € E,.

The composition of morphisms is given by taking pullbacks. Notice that the conditions on E;
and E, guarantee that we have identity morphisms and that compositions are well-defined.
When we take £} = E, to contain all morphisms of C we write Corr(C).

We also assume that C admits finite products, thus one has a (Cartesian) symmetric
monoidal structure on C which induces a symmetric monoidal structure on Corr(C).

Following [10, Chapter 5, Introduction], [34, Definition 3.1] and [31, Definition A.5.7] we
make the following:

Definition 1.2. A 3-functor formalism on C is a lax symmetric monoidal functor
(1.3) D : Corr(C)g, 5, — Lincatk,

where 7 € {0, c.g., Perf}.
Concretely, this encodes the following data:
o for every Y <= X % X with f € E; a l-pullback functor f': D(Y) — D(X);
e for every X 84X x 9,y with g € E, a x-pushforward functor g, : D(X) — D(Y);

o for every X € C an exterior tensor product X : D(X) ® D(X) — D(X x X).
Notice that for every X € C such that Ax : X — X x X belongs to Ej, we have a tensor
b Ay
product (—) ® (=) : D(X) ® D(X) — D(X x X) — D(X).

1.3.2. Extra adjunctions. The formalism encoded in Definition 1.2 is neat but we need
two extra things: (1) explicit relations between f, and f' in certain situations, this is
relevant both in constructing such formalism but it also encodes the open-closed gluing
exact sequences and (2) we will need left adjoints for f' and g, in certain situations with
enough base change properties. Thus, we introduce the following concepts.

Definition 1.3. Let D : Corr(C)g, g, — Lincat’ be a 3-functor formalism.
(1) A class of weakly stable morphisms El* C E; is said to be left-adjointable if for every
f: X—=Ye€e ElR the functor f' admits a left adjoint f+- Moreover, we say that EZL
(1) is compatible with ElBC C Ej base change if (f’)Tog!X = gg/ofJr for every gy € EZBC;
(ii) is compatible with EYC C E, pushforward if fro(gx)s = (gy)so f{ for every
gy € EX;
(iii) satisfies projection formula if fi(F @ f'(9)) = f1(F)®@ ¥ for every F € D(X)
and 4 € D(Y).

(2) A class of weakly stable morphisms EX C E, is said to be left-adjointable if for every
f:X =Y € EF the functor f,. admits a left adjoint f*. Moreover, we say that EY
(i) is compatible with EBC C E,. base change if f* o (gy)« — (gx)« o (f')* for every
gy € EPC;
(ii) is compatible with EZPC C E; pullback if (f')* ogé/ = g’X o f* for every gy € EZPC;
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(iii) satisfies projection formula if f.(F)R9Y = f.(F @ f*(9)) for every F € D(X)
and 4 € D(Y).

Remark 1.4. (1) In Definition 1.3 (1) we say that EF C Ej is internally left-adjointable,
if (f.,f') is an adjunction. Notice that given ElL71 C E; internally left-adjointable
and E™? C Ej left adjointable we obtain an isomorphism I+ = £.3, whenever f €
EZL’1 N ElL’z. We have a similar notion for Definition 1.3 (2) with f* = f*.

(2) In Definition 1.3 (1) if EPY = Ej or EFC = E, we will omit the mention of compatibility
with base change or pushforward. In particular, if ElBC = E; and EFC = E, we will

simply say that the class EI" is nicely left adjointable. Similarly for Definition 1.3 (2) if
EBC = E, and/or EF¢ = E.

(3) Notice that when (X 2¥ X x X) € BENE, and (X = pt) € E;NE,, then X €
Corr(C) g, g, is self-dual, namely the morphisms X x X &x x X pt and pt &
X 2% X % X exhibit X ~ XV. Moreover, if X : D(X) ® D(X) = D(X x X), then
D(X) is self-dual, with counit and unit given by the functors

!

D(X) ® D(X) —B- D(X x X) =% D(X) ™% pipe)

and

!

D(pt) = D(x) &2

D(X x X) 2% D(X) @ D(X),
where KR is the right adjoint of K. In particular, in this case D(X) is a closed symmetric
monoidal category.

(4) Given a 3-functor formalism D : Corr(C)g, g, — Lincatg such that Ef = E; and
E}f = E, are left-adjointable, then the assignment D : Corr(C)g, g, — Lincatg sending
x <7 2 v o Dx) 4L
Definition 2.5].

D(Y) is a 6-functor formalism in the sense of [34,

Definition 1.5. Let D : Corr(C)g, g, — Lincaty be a 3-functor formalism. A class of
weakly stable morphisms EF C FEj is said to be right-adjointable if for every f: X — Y €
ElR the functor f' admits a right adjoint® f,. Moreover, we say that ElR

(i) is compatible with EPC C E base change if (gv)' o fo — (f')« o (gx)' for every

gv € EPC;

(ii) is compatible with EYC C E, pushforward if (gy)« o (f)x = fx o (9x)« for every
gy € Efc.

(iii) satisfies projection formula if fo(F) Y = f(F @ f(¥)) for every F € D(X) and
¢ < D(Y).

For a 3-functor formalism with values in Lincatlfg,erf we don’t require the right adjoint to
be continuous. Whereas for a 3-functor formalism with values in Lincat%g' we have that f,

3Here the morphism is induced by the co-unit of (f., f'), but we also have an equivalence in the other
direction induced by the co-unit of (f, ).

In the category where the sheaf theory takes values. In particular, we require that the right adjoint is
continuous if ? =@ or c.g..
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is continuous if and only if f' preserves compact objects. We make also formulate what it
means for a weakly stable class EX C E, to be right-adjointable, but we won’t need that.

Remark 1.6. (1) As in Remark 1.4 (1) we say that a morphism (X ER Y)e ER C B, is
internally right adjointable if (f,, f') is an adjunction. Similarly, EZR C Ej is internally
right adjointable if (f', f.) is an adjunction.

(2) In practice, when constructing a 3-functor formalism, the functors f, : D(X) — D(Y)
and f': D(Y) — D(X) assigned to a morphism (X ER Y') are not completely indepen-

dent. One often starts from a functor f': D(Y) — D(X) defined for all (X ER Y)eE
and check that it is left adjointable for a certain class ElL and right adjointable for a
certain class ElR. That these adjoints can be combined to give a well-defined pushfor-

ward is the content of many sheaf extension results, see for example [20, §8.2.5] or [31,
Proposition A.5.10].

1.4. Sheaves on placid schemes. This section reviews how to construct from the litera-
ture a sheaf formalism of ind-constructible ¢-adic sheaves on qc gs schemes. At this level of
generality this sheaf theory is only a 3-functor formalism, but it allows us to define the no-
tion of cohomologically smoothness. Using cohomological smoothness we cut a subcategory
of qcgs schemes, namely placid schemes and check that the restriction of the sheaf theory
to this category yields a 6-functor formalism.

1.4.1. Sheaves on qcgs algebraic spaces of finite type. We assume that k is a finite field or an
algebraically closed field. To any qcgs algebraic space X of finite type over k we associate the
small stable co-category D.(X, E) of ¢-adic sheaves on X with values on Modg. Concretely,
one takes [27, Notation 2.2.3] as a definition for £ = F, and use [26, §0.1] to extend it to
E =7y and E = Qy (see also [20, §10.2.1]). The constructions in the remainder of this
section (except for §1.4.3) are independent of the coefficient E, so we will often omit it from
the notation.

The category of (ind-constructible) sheaves® on a qcqs algebraic space of finite type X is
defined as D(X) := Ind(D.(X)), i.e. the category obtained by formally adjoining all filtered
colimits to D¢(X).

The stable co-categories D.(X) and D(X) have as underlying homotopy categories the
classical triangulated categories of constructible and all /-adic sheaves, respectively. If we
were only interested in algebraic spaces of finite type the classical construction of these
triangulated categories would have be enough. However, to extend extend the formalism
to algebraic spaces not necessarily of finite type and to prestacks, there is no simple way of
correctly defining these categories. For instace, two problems are descent for triangulated
categories does not work well (see [27, §0.2] for a nice discussion of this issue) and the correct
sheaves on prestacks not necesarrily of finite type are limits and colimits of categories, which
also don’t behave well for triangulated categories.

We emphasize that the sheaf formalism as developed always comes in two variants:

e D.(X) € Lincat?™ a small idempotent complete linear stable co-category of constructible
sheaves, and

5Concretely speaking the objects of this co-category are (unbounded) complexes of sheaves (with possibly
infinite-dimensional cohomology) up to homotopy, we follow the convention of referring to them simply as
sheaves.
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e D(X) € Lincat}® a presentable linear stable co-category of ind-constructible sheaves®.

For the rest of this subsection we write write D_(X) for either D.(X) or D(X).
Given any morphism f : X — Y between qcgs algebraic spaces of finite type one has
adjunctions ([27, §6.2] and [26, §0.1]):

(1.4) ff:D_(Y) —— D_(X):f« and fi:D (X)) — D_(Y):f,

and compatibility isomorphisms: fi — f,. when f is proper and f* = f' when f is étale.
There is also an adjunction given by the sheaf tensor and sheaf inner-hom, i.e. for every
F € D_(X) one has an adjunction:

(1.5) (-)®.Z: D_(X) — D_(X): #om(ZF,—) .

The functors (f*, fi), (fi, ), (=) @ F,#om(F,—)) are first constructed for the con-
structible categories and then ind-extended. In this formulation, the preservation of con-
structibility holds by construction. Here are some of the compatibilities between the six
functors above:

e given a pullback diagram:

9x
=

X X
(1.6) f’l lf
Y’ Y

Y

one has an equivalence: (gx)x o f' — (f")' o (gy )«

o for any X € AlgSpcy the category D(X) (resp. D.(X)) is a commutative algebra in
LincatZ® (resp. Lincat%erf). Any morphism f : X — Y induces a map of D_(Y)-modules
f« : D_(X) = D_(Y). Concretely, this gives the projection formula:

(17) [(F & L(9) = [(F)0Y
for every . € D_(X) and 4 € D_(Y). In particular, when applied to the unit of the
adjunction (f*, f.) one obtains:

(1.8) F(Fe9) — [[(F)o [(9)

The data of the functors (1.4) and (1.5) satisfying base change and projection formulas

determines 6-functor formalisms:

(1.9) D, : Corr(AlgSpey,) — Lincat?®™ and D : Corr(AlgSpey,) — Lincat®
that sends X <1 Z % Y to g, o f' : D_(X) — D_(Y).

1.4.2. Sheaves on qc qs algebraic spaces. In this subsection, we extend (1.9) to qc gs alge-
braic spaces. This is inspired by [7, §5] and [33, §3 and §6], but we follow the construction
of [20, §10].

Let D. : AlgSpcy® — Lincaty denote the restriction of (1.9), to the subcategory of
Corr(AlgSpcy, ) generated by the correspondences X «— Y iy, Y, where X,Y € AlgSpcg.
We consider:

(1.10) LKEAlgSpe,, s Alaspe(De) : AlgSpe® — Lincathy™

6Though, in some cases these will not be compactly generated.
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the left Kan extension via the inclusion of schemes of finite type into all qc gs schemes.
Consider Corr(AlgSpc)qu;fp the category of correspondences whose objects are qcgs al-

gebraic spaces and morphism are correspondences X <L z % Y, where g is finitely

presented. By [19, Theorem 10.15] one has an extension of (1.10) to a 3-functor formalism:

(1.11) D, : Corr(AlgSpc)au, tp — LincatpEerf.
We then let
(1.12) D : Corr(AlgSpc)au; fp — LincatCE‘g'

be the Ind-extension of (1.11).

We stress that the theory (1.12) is different than directly defining étale sheaves on qcgs
schemes following §1.4.1. Indeed, for X = Spec K where K is a field over k the category
defined in this section for finite coefficients recovers representations of Gal(X/k) which are
filtered colimits of finitely generated smooth representations, whereas the later option would
consider all representations. We refer to [20, Example 10.23] for details.

1.4.3. Cohomological smoothness. In this section we need to pass to a dual sheaf theory.
Let

(1.13) D*(—,Fy) : Corr(AlgSpc)au, fp — Lincat®
denote the sheaf theory obtained by composing (1.12) with the duality Lincat%® =+ Lincat}®".
By §1.1 (i) this is concretely given by D*(X,Fy) ~ Ind(D.(X,Fy)°?). The functor (1.13)
sends a correspondence X <L Z L5 Y to the conjugates functors (see [20, §7.2.2] for a
definition) (f')° : D*(X,F;) — D*(Z,Fy) and (g«)° : D*(Z,F;) — D*(Y,F,) of f' and g,
respectively.

Let ((f')°, f+) and ((g«)°, g*) denote the adjunctions, where g is finitely presented. The
restriction of (1.12) to algebraic spaces of finite type recovers the usual 6-functor formalism.
Verdier duality allows us to identify these pair of adjunctions with (f*, f,) and (g1, ¢'), since
(f)° is the Ind-extension of f* (see [20, §10.4.1] for more details). For the rest of this
subsection we use the later notation; but we warn the reader that this is different than the

notation outside this subsection.
Let f: X — Y be a finitely presented morphism and consider the diagram:

XxX 24X
Y
oD
X ——Y

the unit of the adjunction (f*, f.) gives a map f'(wy) — f' o f. o f'(wy), by base change
and using the adjunction (p},p2.) we obtain:

(1.14) psof!(wY) —>piof*(wY)-

Notice that here the functors f* and p} exist without any further assumption because we

are considering the sheaf theories obtained by applying D*(—,Fy), but they a priori do not

preserve compact objects.

Definition 1.7. A morphism f: X — Y in AlgSpc is cohomologically smooth if it satisfies:
(i) fis ULA, i.e. f is fp and the canonical map (1.14) is an isomorphism.
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(ii) f*(wy) is an invertible object of D* (X, Fy).

Remark 1.8. (1) Any étale morphism f : X — Y is cohomologically smooth since f* =
.

(2) For any n > 0 and projection f : A% — Y we have f*wy —» wAy (n).

(3) By [35, Lemma 054L] (1) and (2) imply that any smooth morphism is cohomologically

smooth and similarly that any perfectly smooth morphisms (see [19, Definition 10.4] for
this notion) between perfect algebraic spaces is also cohomologically smooth.

(4) Given any field K over k, f : X — Spec K is cohomologically smooth if and only if
f!@,Spec K’ x, ™ @7 x; (di), where d; = dim X; and Xj is an irreducible component of
X. One can refer to this condition as rationally smooth (cf. [8, §1.1 Definition] in the
case where char k = 0). This also shows how cohomologically smooth is strictly more
general than smoothness.

(5) For f: X — Y cohomologically smooth one has
(1.15) wy (df) — ffwy,

where dy is the relative cohomological dimension of f (see [20, §10.3.3] for a precise
definition) and (ds) represents the cohomological and Tate twist by d. This result is a
bit subtle to prove and follows a density argument, see [20, Proposition 10.45].

(6) By [20, Remark 8.33], the heuristic for Defintion 1.7 is that the notion of dualizability
of D*(X,Fy) as a D*(pt, Fy)-module category is too strict, this is equivalent to requiring
that X is finitely presented and that the exterior tensor product of the sheaf theory
is an equivalence, which does not hold in general. Whereas the condition that X is
dualizable in Corr(AlgSpc)qu;fp simply imposes that X is finitely presented which is
too weak. The correct notion turns out to be to require that (X,wy) is dualizable in
the category of cohomological correspondences as defined in [34, Lecture V].

1.4.4. Placid algebraic spaces. Let f: X — Y be a morphism in AlgSpc we say that:

(a) fis cohomologically pro-smooth if there is a presentation X ~ lim; X; as a cofiltered
limit where: each X; — Xj is cohomologically smooth affine and each X; — Y is
cohomologically smooth;

(b) f is strongly cohomologically pro-smooth if in addition to ((a)) the structure morphisms
X; — X are surjective;

(c) f is weakly cohomologically pro-smooth if there is a surjective cohomologically pro-
smooth map U — X, such that the composite U — X — Y is cohomologically
pro-smooth;

(d) f is essentially cohomologically pro-smooth if there is a factorization X — X' — Y
where X — X’ is cohomologically pro-smooth and X’ — Y is finitely presented.

A qcgs algebraic space X € AlgSpc is said to be placid if the morphism X — Speck is
essentially cohomologically pro-smooth. We let AlgSpc,; — AlgSpc denote the subcategory
of placid schemes.

More generally, given f : 2 — % a morphism in PStk we say that:

(d) f is (resp.strongly, essentially) cohomologically pro-smooth if for every affine scheme
S — % the fiber product S ; Z is a qcgs algebraic space and the induced morphism

S x 2 — S is (resp. strongly, essentially) cohomologically pro-smooth;
%


https://stacks.math.columbia.edu/tag/054L
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(e) f is weakly cohomologically pro-smooth if for every affine scheme S — % there is a
jointly surjective family {7; — S >< 2} with T; € AlgSpc where each composite

T, > SxZ = Sis Cohomologlcally pro-smooth.
s

1.4.5. Sheaves on placid algebraic spaces. Let AlgSpc, < AlgSpc denote the subcategory
of placid algebraic spaces. We have:

Proposition 1.9. [20, Proposition 10.69] The restriction of (1.12) to:
(1.16) D : Corr(AlgSpcy,) fp;fp — Lincaty®

gives a 3-functor formalism on placid algebraic spaces, such that:

(i) the class E¢¢ C E,. of étale morphism is internally left adjointable and the class
E, C E; of fp proper morphisms is internally left adjointable;

(i) the class (X EN Y) € Ey, C E, of finitely presented morphisms is left adjointable with
adjoint f. compatible with weakly cohomologically pro-smooth pullbacks;

(iii) the class (X EN Y) € Ey, C E; of finitely presented morphisms is left adjointable with
adjoint fi compatible with weakly cohomologically pro-smooth pullbacks.

Moreover, the left adjoints of (ii-iv) preserve compact, i.e. constructible, objects.

Here is an heuristic of why this works, we refer the reader to [20, Proposition 10.69] for
details. Consider f : X — Y a finitely presented morphism between placid algebraic spaces,
then we can find Y =5 lim; Y; a placid presentation of Y such that for some ¢ € I one has
a pullback diagram:

I

X Y
X 5 Y;
where X; :=Y; x X. Thus, to produce a left adjoit to f. : D(X) — D(Y) it is enough to
Y
check that the diagrams:

f'L' *
D(Xis1) L2 Dy

(afil’i)w\ 1\(“3’;1,1)!

D(X;) T D(Y;)

are horizontally left adjointable. Indeed, by (1.15) the canonical map:
(fir1)™ 0 (a)1,0)" (divr) = (fin1)" 0 (afi1) — (ai%1,) © (Fi)" = (affr) (disra) o (fi)”

is an isomorphism, since afi“ and a}ili are cohomologically smooth of same relative di-

mension. A similar argument proves that f' : D(Y) — D(X) has a left adjoint for f finitely
presented.

The arguments for base change are a bit more involved but follow the same logic. This is
proved in the context of sheaves on perfect qcqs algebraic spaces in [20, Proposition 10.69]
by constructing a 6-functor x-theory and passing to the dual categories.
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1.4.6. Variant: Sheaves on perfect qeqs algebraic spaces. The sheaf formalisms of this section
will equally apply to the context of perfect geometry. More precisely, by restricting (1.12) to
the subcategory AlgSpcP®! via (1.2) we obtain a 3-functor formalism. Further restricting
it to the subcategory AlgSchlerf of placid perfect algebraic spaces we obtain a 3-functor
formalism

(1.17) D: Corr(AlgSpcgfrf)pfp;pfp — Lincaty®

that satisfies the same conditions as in Proposition 1.9 but with perfectly finitely presented
morphisms in place of finitely presented morphisms.

Notation 1.10. In the remaining subsections of this section the extensions of the sheaf
theory will come in two versions: one for non-perfect objects and the other for perfect
objects; the only difference is that for perfect objects one should always consider perfectly
finitely presented instead of the more strict finitely presented. All the arguments are for-
mally the same except for this difference. Thus, we will use PStk, AlgSpc, AlgSpc,,; and any
other further decoration introduced below to either mean the non-perfect or perfect ver-
sion of these objects, for instance fp should be read perfectly finitely presented or finitely
presented depending on the context.

1.5. Sheaves on sifted-placid stacks. In extending the sheaf theory to prestacks or a
subcategory of nice geometry objects, one encounters the problem that compact objects are
scarse for the naive definition. In other words, the small and large categories versions of
sheaf theory encoded in (1.11) and (1.12) are not compatible when extended to prestacks.
This is similar to the problem with ind-coherent sheaves vs quasi-coherent sheaves, except
here the more natural object is ind-coherent sheaves as opposed to quasi-coherent.

1.5.1. Sheaves on prestacks. Before extending the sheaf theory to the objects we are in-
terested in this article, we need a 3-functor formalism on prestacks to formulate certain
conditions.

We define a sheaf theory on prestacks:

(1.18) D : Corr(PStk)qu, fp — Lincatg

by taking the right Kan extension of the functor (1.12) via the inclusion Corr(AlgSpc)a. fp —
COI‘r(PStk)all;fp.
In fact, by [20, Theorem 10.91] we have an further extension of (1.18):

(1.19) D : Corr(PStk)q1:ina— fp — Lincatg,

where we allow *-pushforward for any ind-fp morphism. This construction happens in two
steps. First, one extends (1.12) to the category of ind-algebraic spaces IndAlgSch

(1.20) D : Corr(IndAlgSch)g:ind— fp — Lincatg,

using an argument similar to that in §1.5.4. Second, one takes the right Kan extension of
(1.20) via the inclusion Corr(IndAlgSch)a;ind— fp < Corr(PStk)qirind— fp using [10, Chapter
8, Theorem 6.1.5] or [19, Proposition 8.43].

For the 3-functor formalism (1.19) has representable étale morphism as internally left
adjointable in E,, i.e. (f', f.) is an adjuncion, and representable fp proper morphisms as
internally left adjointable morphisms in Ej, i.e. (fs, f') is adjunction in this case. In partic-
ular, we obtain that given 2 : & — 2 a fp closed embedding and j: % — 2 is qcgs open
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complement one has a half-recollement:

D) ) — D(Z) +—u— D(Z).
D N

This is enough to glue individual sheaves, since for any .# € D(Z") we obtain:

1n 01 (F) — F — ). 07 (F).
However, we can’t glue the whole category D(Z") from D(%) and D(%) since this requires
a left adjoint to 2.. In the next subsection we will remind this by restricting the sheaf
theory to well-behaved colimits of stacks such that we have this further left adjoint to
finitely presented inclusions.

1.5.2. Sifted-placid stacks. Before proceeding with the construction of the sheaf formalism
we need to introduce the type of geometric objects on which this sheaf theory will behave
nicely. The following is a summary of [20, §10.5.1 and §10.6.1] to which we refer the reader
for more details and slightly more general notions that might be useful in future directions.

Definition 1.11. Let 2" € PStk be an étale sheaf. We will say that 2~ is:

(a) a placid stack if there exist a placid atlas hy : U — 2, i.e. a placid algebraic space
U and a representable strongly cohomology smooth morphism A4 such that

(1.21) D(Z) == lmD(U/Z)*),
where (U/Z)* is the Cech nerve of hy .

(b) an ind-placid stack if there exists a presentation colim; 2; — 2", where each 2; is a
placid stack and Z; < 2 are finitely presented morphisms.

(c) a sifted-placid stack if it admits a sifted-placid atlas, i.e. there exist # an ind-placid
stack and hg : % — 2 a surjective ind-fp proper morphism.

Remark 1.12. Given a geometric context, the usual definition of a stack would only require
that U — % is a cover for the étale (or fpqc) topology. However, the sheaf theory we
consider in this article does not have descent in this generality, so we impose (1.21) in
the definition. We notice that if f : U — 2 is ind-fp proper or representable essentially
cohomologically pro-smooth, then (1.21) automatically holds (see [20, Proposition 10.99
and Proposition 10.101]).

Remark 1.13. (1) Any Artin stack of finite presentation (or its perfection) is a placid
stack over k.

(2) Let H = lim; H; be affine group scheme, where each H; is a reduced (perfectly) finite
type group scheme and H; — H; are (perfectly) smooth affine morphisms. Given X a
placid scheme, then the étale quotient stack X/H is a placid stack.

(3) Given 2" — 2 an ind-fp (resp. proper) morphism of étale stacks such that 2 is a
placid stack, then 2 is an ind-placid stack with a presentaiton colim; 2; — 2~ such
that 2; — 2 — % is fp (resp. proper). This result is [20, Lemma 10.142] and is
crucial to prove certain results for the sheaf theory on sifted-placid stacks below.

(4) Given % an ind-placid stack and 2 an ind-placid group stack which acts on % via
ind-fp proper morphisms, then 2" ~ % /. is a sifted-placid stack.
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1.5.3. Ind-finite sheaves on placid stacks. The starting point for a good theory of sheaves
on placid stacks is the constructible 3-functor formalism from (1.11). Let Stkp denote the
category of placid stacks, we have an extension:

(1.22) D, : Corr(Stkpi)aur;, fp — LincatpEerf

given by right Kan extension via Corr(AlgSpc)au;p < Corr(Stkpi)au;rp. We take the Ind-
completion of (1.22) to define:

(1.23) Dind—fin. : Corr(Stkpl)a”;fp — Lincat%‘g'.

This sheaf theory is refered to as renormalized in [2, Appendix F.5] and [21]. We will refer
to it as ind-finite.
Notice that by construction we have

(1.24) D(Z) = lim D.((U/Z)*),
where U — 2 is a placid atlas. We have
Proposition 1.14. Let Ey, .p.s. C E; denote the class of weakly cohomologically pro-smooth

morphisms. The 3-functor formalism of (1.23) satisfies:

(i) the class E¢y C E, of representable étale morphisms is internally left adjointable and
the class E, C Ej of representable fp proper morphism is internally left adjointable;

(ii) the class Et, C Ep of representable fp morphisms is left adjointable with Ey . cp.s.
compatible base change;

(iii) the class Et, C E, of finitely presented morphisms is left adjointable with Ey cp.s.
compatible base change.

The proposition is proved by reducing using descent to reduce to Proposition 1.9. See
[20, Proposition 10.114] for details.
Since the categories D(.2") have all colimits one has a natural functor:

U Dind,ﬁn'(%) — D(%)

but this is far from an equivalence. When 2" is a placid stack with a nice cover, then V¥ is
an equivalence after left completion (see [19, Lemma 10.123] for the precise statement).

1.5.4. Sheaves on ind-placid stacks. Let IndStky denote the category of ind-placid stacks.
We extend the theory (1.22) to:

(1.25) D : Corr(IndStkp))api. ;p — Lincat®s™

by taking its right Kan extension via the inclusion Corr(Stkp)au, rp < Corr(IndStkp)qu; fp-
Notice that for an ind-placid stack 2~ given a presentation colim; 2; — 2 one has:

colIimDC((%) = D(Z).
We then consider
(1.26) Dind—fin. : Corr(IndStkp;)qu; fp — Lincatz®
by taking the Ind-extension of (1.25). The functor (1.26) admits an extension to:
(1.27) Dind—fin. : Corr(IndStkp) aitsind— fp — Lincat%g',

whose restriction to Corr(IndStky) ¢p. rp satisfies an analogue of Proposition 1.14 (see [20,
Theorem 10.150 (2)]).
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The extension (1.27) is constructed in two steps (see [10, Chapter 8, Theorem 1.1.9] or
[19, Corollary 8.48]). The first extension D; is determined by the following diagram:

Stley B IndStk}

[ b

Corr(Stkp1)ay; ;p — Corr(IndStkp1)ai; rp

Dind_ﬁni /
1

. c.g.
Lincat

and the condition that Dj o 3 = RKE,, (Dinq_fin.)- The second is determined by:

COrr(IDdStkpl)a”;fp LN Corr(IndStkpl)a”;md_fp
DlJ/ %

where Dy is the operadic left Kan extension of D; via 1o. Heuristically, this uses that for
any ind-placid stack 2~ one has colimy,. D(%) — D(Z") where

Jo ={% N | # placid stack f fp-closed embedding},
to extend the sheaf theory.

1.5.5. Sheaves on sifted-placid stacks. Let sIndStkp denote the category of sifted-placid
stacks. We notice that Remark 1.13 (3) implies that ¢ : Corr(IndStky)) < Corr(sIndStkp)
is fully faithful.

Proposition 1.15. The left Kan extension of (1.27) via 1, gives a 3-functor formalism
(1.28) Dind—fn. : COI“I“(SIndStkpl)a”;md_fp — Lincat%g'
satisfying:

(i) the class E¢y C E, of representable étale morphisms is internally left adjointable and
the class Eiyyq—fpp. C Ep of representable ind-finitely presented proper morphisms is
internally left adjointable;

(ii) the class (Z EN %) € Einda—tp C Ep of representable ind-fp morphisms is left ad-
joitable with adjoint fi which is compatible with weakly cohomologically pro-smooth
base change;

(i11) the class (Z J, %) € Etp C E, of representable finitely presented morphism is
left adjointable with adjoint f* which is compatible with weakly cohomologically pro-
smooth morphism pullbacks.

Remark 1.16. For 2 a sifted-placid stack the following hold:
(1) one has an equivalence colimy, Dind—fin. (%) — Dind—fin.(Z), where

(1.29) Iy ={¥ Ny | # placid stack f ind-fp}.

(2) the category Dinq—fn.(Z) is compactly generated and Ding_gin. (Z)“ is generated by
objects of the form hy (Fw ), where go : % — 2 is ind-fp, # is a placid stack and
Foy € D(Y).
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For further reference we summarize what concretely is encoded in the functor (1.28).

Lemma 1.17. Any correspondence 2 P Ny % of sifted-placid stacks, where g is
ind-fp morphism is sent to g« o f': Dind—fin.(Z) = Dind—gin.(Z).

(i) For any diagram
2
(1.30) fl lf :

/A
9oy

where g is ind-fp, one has an equivalence: (ga-)s o (f')' ~ f' o (g2)«;
(i) If f is representable ind-fp proper then f. is left adjoint to f'.
(iii) If f is representable ind-fp one has an adjunction (fi, f') such that gé),, ofi & f!’og(!%-.

() If g is representable fp-morphism then one has an adjunction (g*, gs) such that for
any pullback diagram

g hr oy

Ao

&y — W
ha

where hgy is weakly cohomologically pro-smooth, one has (¢')* o hf@, = h!g og*.

(v) If f is representable ind-fp-proper and g is representable fp then fi = f. and we
have f] o g% = g © fi obtained by passing to left adjoints on (i).

We also spell out the open-closed gluing properties that the sheaf theory (1.28) satisfy.

Lemma 1.18. [19, Proposition 10.161] Let v : & — 2 be a closed embedding of sifted-
placid stacks with complement j: U — Z . If v is finitely presented, equivalently j is qcgs,
then we have a recollement diagram:

Dind—ﬁn.(%) —)— Dind—ﬁn.(%) e — Dind—ﬁn.(g)‘

In particular, for every F € D(Z") we have cofiber-fiber sequences:
(1.31) 1w F — F — 30 F ) F —F — 1.
Notation 1.19. In the rest of this article we will simply write D(Z") for Ding—fin.(Z°). This

should not cause confusion since we will never use the categories D(2") in what follows.

1.6. Renormalized pushforward. For the computation of the co-center of the affine
Hecke category in §4 we will need continuous right adjoints to !-pullbacks, with sufficient
base change. These will exist in a rather large generality for our sheaf theory. In this section
we explain the ingredients necessary to make sense of that.
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1.6.1. Representable pushforward. Let f: X — Y be a cohomologically smooth morphism
between qcgs algebraic spaces, then by (1.15) we have:

(i) f*(wy) is constructible;

(ii) the natural transformation f* = f*(wy) ® f', induced by taking .# = wx in (1.8),
is an isomorphism, so f' preserves constructible sheaves.

In particular, the functor fr**(.%) := f.(f*(wy) ® .%) is a continuous right adjoint to f'.
We can extend the renormalized pushforward to cohomologically pro-smooth morphisms
as follows:

Proposition 1.20. [19, Proposition 10.74] Let f : X — Y be a cohomologically pro-smooth

morphism between qcgs algebraic spaces. Consider a factorization f : X = limj X; f# Y
where f; : X; = Y are cohomologically smooth. We define:

< D(X) — D(Y), (T = colim(fi).(£i(F))-

Then the class of cohomologically pro-smooth morphisms is right-adjointable and satisfies
projection formula.

The idea behind the proof of Proposition 1.20 is to start with the result for cohomo-
logically smooth morphisms, which holds by the projection formula for (f,, f'). Then one
extends it to cohomologically pro-smooth morphisms using the formula

. X Y
[o(F) = C(}I}Jm(ajf,j)* o (firj)xo (@i',i),

o o
where X = limy(X; = X;) and Y = limy(Yy =" Y;) are presentations, and fir
X — Y} is cohomologically smooth.

In fact, using the descent condition (1.24) we can also define a renormalized pushforward
for any f : Z° — % be a representable cohomologically pro-smooth morphism between
placid stacks. Proposition 1.20 then implies that the class of representable cohomologically
pro-smooth morphisms is nicely right-adjointable for the sheaf theory (1.23).

1.6.2. Non-representable pushforward. In fact, for the argument that computes the cocen-
ter of the affine Hecke category we need to have a continuous right adjoints to pullbacks
via morphisms whose fiber is isomorphic to %t, where H is a cohomologically pro-smooth
group scheme. We start by explaining how to extend the construction of §1.6.1 to weakly
cohomologically pro-smooth morphisms.

Another way to think of the renormalized pushforward is by considering the sheaf theory
D* : Corr(AlgSpc)an, fp — Lincatz® from (1.13). For any X € AlgSpc the category D*(X)
acts on D(X). Then, one notices that:

(1) for X € AlgSpcy, there is a generalized dualizing sheaf nx € D(X) such that the D*(X)
action induces an equivalence: nx : D*(X) = D(X);

(2) for f : X — Y a pro-smooth morphism between placid algebraic spaces, given an
equivalence ny : D*(Y) = D(Y) then f*(ny) : D*(X) = D(X) is also an equivalence.
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Thus, by definition of fI°" we have a commutative diagram:

D(X) ~5 pr(x)

(1.32) i i :

i
D(Y) <5— D*(Y)

where f; : D*(X) — D*(Y) is the right adjoint to always defined the *-pullback f* :
D*(Y) — D * (X), whose restriction to algebraic spaces of finite type is the usual f,.

(3) Now given f: X — Y a weakly cohomologically pro-smooth morphism in the category
of placid algebraic spaces. We extend the definition of renormalized pushforward by
imposing that the diagram (1.32) commutes. We claim that this still satisfies Conditions
(i-iii) from Proposition 1.20 (see [20, Proposition 10.75] for details).

Given f : 2 — % a weakly cohomologically pro-smooth morphism between placid
stacks, by [20, Lemma 10.111 (3)] there are placid atlases hoy : Uy — % and hy : Uy — X
and a cohomologically pro-smooth morphism f’ : Uy — Uy such that hy o f' = fohgy.
Thus, we define:

L D(X) DY), = (hy o (F) o By

The base change that we need for this renormalized push-forward is somewhat tricky. To
explain it we need to introduce a couple of concepts. A morphism f : X — Y is said to
be cohomologically unipotent if f is cohomologically smooth and for every geometric point
y — Y the cohomology of )>; X is acyclic.

We have the following analogues of the definitions in §1.4.4. For f: X — Y a morphism
in AlgSpc we say that:

(a) fis cohomologically pro-unipotent if there is a presentation X — lim; X; as a cofiltered
limit where: each X; — X is cohomologically unipotent affine and each X; — Y is
cohomologically unipotent;

(b) f is essentially cohomologically pro-unipotent if there is a factorization X — X’ — Y
where X — X’ is cohomologically pro-unipotent and X’ — Y is finitely presented.

A morphism [ : 2" — % in PStk is said to be (resp. essentially) cohomologically pro-
unipotent if for every affine scheme S — % the fiber product S x 2" is a qcgs algebraic space
v

and the induced morphism S x 2~ — S is (resp. essentially) cohomologically pro-unipotent.
%

The following is the crucial result that will ultimately provide the base change for renor-
malized pushforwards that we need.

Proposition 1.21. [19, Theorem 10.150] Consider the 3-functor formalism of (1.26). The
class Ey.cps. C Ep of weakly cohomologically pro-smooth morphisms is right-adjointable
with right adjoint fi°" that

(i) is compatible with pullback with respect to the class Fe ... of essentially cohomologi-
cally unipotent morphisms, i.e. (ga) o fr* = (f)X o (92°)' for g € Eecu.;
(i) is compatible with the class Einq—fp. of representable ind-fp pushforward, i.e. (ga )« o
(f1)i = fr™ o (92)« for 9o € Bina—pp.;
(iii) satisfies the projection formula, i.e. ff(F) @Y = frNF @ f{(9)) for every F €
D(Z) and 9 € D(¥%).
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The idea to proof the above Proposition is to check that one has left adjoints as in
Proposition 1.9 ((iii)) for essentially cohomologically pro-unipotent morphisms, which allows
one to extend the renormalized pushforward of Proposition 1.20 to weakly cohomologically
pro-smooth morphisms between qcqs algebraic spaces. Then, since the category of ind-finite
sheaves on ind-placid stacks satisfies universal descent also with respect to representable
essentially cohomologically pro-unipotent morphisms one can lift the base change morphisms
to this generality.

2. NEWTON STRATA AS SUBSCHEMES

2.1. Newton strata: set-theoretic definition. Recall the convetions of §1.1 (a). Let G
be a connected reductive algebraic group over F. Let S be a maximal F-split torus of G.
Let T be the centralizer of S and Ng the normalizer of S. Then we define the Iwahori-Weyl
group W := Ng(F)/T(F)1, where T(F); is the kernel of the Kottwitz homomorphism
T(F) — X.«(N);. The maximal split torus S determines an apartment .2/ in the Bruhat—
Tits building Z(G(F')) associated to G(F'). Let a be the choice of an alcove (i.e. chamber)
in 7 and let Z, denote the unique smooth group scheme over O with generic fiber G and
such that Z,(Op) fixes a in B(G( )) (as constructed for instance, in [22, §8.4]). The choice
of a determines a splitting W = W, x €, where W, is the affine Weyl group and € is the
stabilizer of a in & (see [22, §6.6.3]). Notice that Q ~ 71 (G(F)); ([11, Lemma 14]), i
particular Q) does not depend on the choice of alcove a. We denote by S the set of snnple
reflections of W, and by 7 the length function on W. We also have that Q) = ker /.

Notation 2.1. We will consider two situations:
(i) equal characteristic, i.e. chark = char F'. In this case, given a choice of uniformizer
€ € O we have O ~ k][¢]] and F' ~ k((¢)). In particular, F' is a k-algebra. We let:
(2.1) LG, Iw : Aff — Spc, LG(A) := G(A((e))), Iw(A) :=Z(Alle]).

(ii) mixed characteristic, i.e. p = chark # char F' = 0. In this case, we consider:

(2.2) LG, Iw : AffPT — Spc, LG(A) :=G(W(A)[1/p]), Iw(A) :=Z(Wo,.(A)),
where Wo,.(A) := W(A) ®w ) Or, and, for a k-algebra A, W(A) denotes the ring
of Witt vectors of A.

In both situations of Notation 2.1, we let G := LG(k) = G( v) and I := Tw(k). It is well-
eWIwI (see [22, Theorem 5.2.1]).
Let 0 be a group automorphism on G with () = I. Then the action of # on G induces
a length-preserving group automorphism on W (and hence induces a group automorphism
on  and a bijection on S). We denote these induced actions also by 6. We consider the

f-twisted conjugation action on G defined by g-99 = gg'0(g)~". We define the #-twisted
conjugation action on W in the same way.

known that we have the Cartan decomposition G=uU

2.1.1. Combinatorial input. Following [17], we have two arithmetic invariants on the set of
f-twisted conjugacy classes of W, given by the Kottwitz map and the Newton map. Note
that the Kottwitz map and the Newton map do not distinguish all the #-twisted conjugacy
classes. However, they distinguish an important subfamily of #-twisted conjugacy classes,
called the straight #-conjugacy classes.

An element z of W is called 6-straight if £(zf(z)--- 6" (z)) = nl(z) for all positive

integers n. A O-twisted conjugacy class of W is called straight if it contains some #-straight
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element. For any 6-straight element x, we denote by O, the straight #-conjugacy class
containing x.

For w,w’ € W and s € S, we write w ¢ w’ if w’ = swh(s) and £(w') < {(w). We write
w —vg w if there is a sequence w = wo, wq, -+ ,wy, = w' of elements in W such that for
any k, wy,_1 —»¢ wy for some s € S. We write w /2 w' if w = w’ and w' —g w. It is easy
to see that w ~g w' if w — w’ and ¢(w) = £(w'). For any H-conjugacy class O in W, we
denote by O, the set of minimal length elements in O. Now we recall some properties on
the minimal length elements, obtained in [17, §2 and §3].

Theorem 2.2. Let O be a 0-conjugacy class of W and w € O. Then there exists w' € Omin
such that w —g w'.

Theorem 2.3. Let O be a straight 0-conjugacy class of W and w,w' € Omin. Then there
exists T € §) such that w =g Tw'0(7)7 L.

Let O be a straight 6-conjugacy class of W. For w € W, we write O < w if there exists
a minimal length element w’ € O with w’ < w. By [15, Proposition 2.4], if O < w and
wy —¢ w, then O < wy. Note that for any given w, {w’ < w} is a finite set. Hence {O < w}
is again a finite set.

Let O1, Oy be straight 6-conjugacy classes of W, we write O < Oy if 07 < w for some
minimal length element w of Os. By [15, §3.2], < is a partial order on the set of straight

f-conjugacy classes of w.

2.1.2. Set—theoretz'cv Newton strata. In [18], the first author and S. Nie introduced a “nice”

decomposition of G into a disjoint union of subsets, called the Newton strata, such that

e each Newton stratum is stable under the #-twisted conjugation action of G;

e the NewtoQ strata are indexed by a discrete set, which is a subset of the set of #-conjugacy
classes of W.

_ The vdeﬁrvlitivon is as follows. Let O be a straight 6-conjugacy class 9f 0. We define

Go = G-9(Iwl), where w is a minimal length element in O. By [16, §3.2], G is independent

of the choice of the minimal length representatives of O. We call Go the Newton stratum
associated to O. By [16, Theorem 3.2], we have the following Newton decomposition:

G = Uoey y,wGos

where W /o W denotes the set of straight #-conjugacy classes.
Following [14, §2.5], a subset X C G is admissible if for any w € W, there exists n € N
such that X N Iw/ is stable under the right action of I,.

2.2. A technical property. In this subsection, we establish the following technical result,
which plays a crucial role in the constructions in §2.3.

For every w, we write Il = legwluu'/f. For any n € N and finite subset I' C Q we
lizt Gf" = UweWuF,Z(w)ganl' We simply write GS™ for Gé”. In particular, notice that
Gy =U

v /S “<n S o
weVuVa,Z(w)ganI and Gl =GS"NG.

Proposition 2.4. Let w € W. Then
(1) é ) fwf = |_|(')<wé(9.
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(2) For any w' € W, there exists n € N and a finite subset I' C Q such that
Gy o TwI NI’ [ = G g Iwl N T/ 1.
Before giving the proof, we have the following immediate corollary.

Corollary 2.5. Let w be a 0-straight element contained in a straight 0-conjugacy class O.
Then é ) fwf = é@ (W (Uw/<wé ) jw/j).

We also show that Proposition 2.4 implies the admissibility of the Newton strata of G.
Of course, this will also follow Theorem 2.7 (2) below (by noetherian approximation). But
the proof given here is more elementary and more explicit.

Corollary 2.6. For any straight 6-conjugacy class O of W, Go is an admissible subset of
G.

Proof. Let w be a #-straight element in O. By Proposition 2.4 (1), G g Twl = U@/<wé@/.
By Proposition 2.4 (2), for any v’ € W, there exists n € N, such that Jw/'IN (I_Io/ﬁwé@/) =
I/ INGs" gjli)j For any g € G<", 0(g )IH( )"! > I,. Thus G<" 4 [ is stable under the
right action of I,. Hence Ii'I N (I_|@/<wG@/) is stable under the right multlphcatlon of I,.
Similarly, 1 [/ N (Hor<w,00+ OG@/) is stable under the right multiplication of I,y for some

n' € N. Thus [w'] NG is stable under the right multiplication of Ivmax{n’n/}. Hence Go is
admissible. g

2.2.1. Minimal length element case. Suppose that w is of minimal length in its f-conjugacy
class. By [17, Proposition 2.7 & Theorem 2.9], there exists J C S with W, finite, a 6-
straight element x € W such that z is of minimal length in its WJ\W/ Wo(y)-coset and
Ad(x)0(J) = J, and u € Wy, such that w ~¢ ux. Let O be the f-conjugacy class of z.
Then O is straight. By definition, O < ux. By definition, O < w.

By definition, there exists a sequence w = wy 2y we By oo ﬁil—)g wy, = ux, where
S1y...,8p-1 € S Wi, ..., W, € W with lw) = l(wy) = =l wp—1) = €(wn) = B(ux) For
any ¢ <n— 1, any element in [yl is 6- conjugated by an element in [$;] to an element in
IwerlI

Let P be the standard parahoric subgroup of G generated by I and % for 2 € W;. Let
U be the pro-unipotent radical of Pand P="P /Up be the reductive quotient of P. Since
Ad(z)0(J) = J, the map 0, = p — j:ﬁ(ﬁ)j:_l gives an automorphism on P. Moreover,
f/UI; is a f,-stable Borel subgroup of P. By Steinberg’s theorem, P = {pp'0.(P)~1;p €
P.j € f/Up}. Hence

[uil c Pi = {pp'6(p)~Lip e Py e f}
In other words, any element in Tuil is f-conjugated by an element in P to an element in
Izl

Let wjy be the longest element in W;. Then pP= uzewj.féf C GSUwI) | We have

(a) Twl C Go.

(b) T ¢ GE ) (Fid.

Let 2’ be another §-straight element in ©. Then by Theorem 2.3, x ~¢ 72'0(7)"! for
some 7 € Q, that is 720(7)™t —¢ 2/ —¢ 720(7)"!. Hence there exists n’ € N such that

Iil C Cv}{gf}l - (I#'T). Hence we have
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(¢c) For any #-straight element 2’ in O, there exists m € N and 7 € Q such that [l C

Goy o (13'1).

2.2.2. Inductive procedure. We prove by induction on {(w) that
(a) IwI C |_|(9<wG(9
(b) For any f-straight element x, there exists m € N and a finite subset I' C Q) such that
Il N éoz C é;m -0 (jmj)

The case where w is a minimal length element in its f-conjugacy class is established in
§2.2.1. Now suppose that w is not of minimal length in 1ts f-conjugacy class. By Theorem
2.2, there exists a sequence w = wi —>9 W —)g —>g Wy, Where s1,...,8,_1 € S
wi, ..., w, € W with L(w) = l(wy) = - = ﬁ(wn 1) > ((wy,). For any i < n — 1, any
element in Tyl is 6- conJugated by an element in [$;] to an element in I wZHI

Slmllarly, any element in [,/ is conjugate by an element in $ Sn— 1[ to an element in
Loy, I LI IwnI, where w!, = s,,—1wy_1. Therefore Iwl c Gs" . (IwnI U T I)

Note that ¢(w,) = ¢(w) — 2 and ¢(w],) = L(w ) — 1. Note that (wy), L(w)) < l(wp—1) =
¢(w). By inductive hypothesis, G (Iwn ) UG -9 (Iw I) C Uo<wn or O<wl, Go. We have
Wy, < wp—1 and w), < wy—1. Hence O < w, or O < w), implies that O < w,—1. By [15,
Proposition 2.4], O 5 w. So Twl I_I(gﬁwéo.

Let z be a O-straight element with O, < w. By inductive hypothesis, there exists n’ € N
and finite subsets I'1,['s C Q such that Tw,l N éoz C é?f/ 9 (fm.f) and iw’ In éoz C

éﬁ:/ .o (Ii1). Since Tl € G g (I, I U T, T), we have vl N Go, C G?%}Ln) o (IE]).

2.2.3. Proof of Proposition 2./. By §2.2.2 (a), for any y < w, we have that G -g (Iy]) C
|_|(9<yé(9. By definition, O < y implies that O < w. Hence Twl = I_Ile,IvyIv C I_I(gﬁwé@.
On the other hand, if O < w, then there exists a minimal length element y of O with y < w.
By definition, Go = G - (fyj) Then |_|(9<U,CU¥@ C Uygwé -9 (fyf) = (3 -p [wI. This finishes
the proof of part (1).

Let O < w and x be a 0-straight element in 0. By definition, there exists a minimal
length element z’ of O, with 2’ < w. Since x is #-straight by §2.2.1, there exists k € N and

7 € Q such that [&] C G{\} (I:L"I) C G{gk} .o Iwl. By §2.2.2, there exists m € N and a

finite subset T' C 2 such that v/ TNGo C G?m 0 (fxf) Then [/ INGo C Cvr’lf,(ker) oIl
where I'" = {z7; z € I'}. As {O < w} is a finite set, there exists n € N and a finite subset
I C Q such that

G QIwIﬂIw/I = |_|(9<wIw IﬂGO C ng ‘0 Tl
This finishes the proof of part (2).

2.3. Newton strata: algebro-geometric definition. The main goal of the remaining
of this section is to prove the following theorem.

Theorem 2.7. Let O be a straight 0-conjugacy class of W. Then there is a (perfectly)
finitely presented locally closed embedding 10 : LG — LG with LG reduced such that

(1) 1o factors as:

(2.3) LGo % LGy and LGy —2 LG



27

where 15 is a (perfecly) finitely presented closed embedding, and jo is a quasi-compact
open embedding with dense image;

(2) LGo(k) = Go and LG5(k) = Uo<0Gor;
(3) We have LGyeq = colimp LG 4.

We note that as we are outside the traditional finite type algebraic geometry, k-points
are usually not enough to determine the underlying schemes. So the theorem is more
subtle than naive thought. The crucial point is finite presentation of jo and i5. Once this
is available, then LG is a placid ind-scheme, and the second condition of the theorem
uniquely determines LGo C LGg as locally closed subspaces of LG.

2.3.1. The closed scheme LGy, Let F1:= LG/Iw be the affine flag variety of G. For
each w € W, let

Fl, <2 Flo, <<% Fl

be the corresponding (locally) closed embedding of Schubert cell (variety). We write i,, =

T1<w © Jw-

Remark 2.8. Notice that since F1 is an ind-scheme of finite type ([32, Theorem 1.4]), there
are at least two ways we can define the Schubert cell and variety:

(1) define Fl, as the reduced subscheme with underlying set [, then let Fle, be the
reduced subscheme of F1 corresponding to the Zariski closure of Fl,;

(2) define Flg,, to be the scheme theoretic image of Iw g - F1, then let Fl,, be the
open complement of Ly, Fl,» < Fl,,.

When F1 is reduced, e.g. if G is semi-simple, splits over a tamely ramified extension of F
and p 1 m1(G) ([32, Theorem 0.2]), then both definitions agree. In the context of Newton
strata, it is the second definition that generalizes, but in a subtle way.

Let LG (<), be the inverse image of Fl(),, under the projection LG — F1. Then LG <)y
is an Iw-torsor over Fl(),, and therefore is a qcqs scheme. In addition, LG(<),, — LG is
a fp (locally) closed embedding, still denoted by i(<w), and the inclusion LG, C LGy is
affine, still denoted by j,. Note that LGy, (k) = Iw] and LG<, (k) = [l

Write LG = colim; S; with S; affine and S; — S; closed embedding, then LG<,, — LG
factors through some LG¢,, — S;. So LGy, is in fact affine, and so is LG,,. We also have
LGheq = colimy, LG ¢y, as Flieq = colimy, Flg,,.

Now let § : LG — LG be a lift of the automorphism 6 : G — G to the loop group
ind-scheme which preserves Iw. The first goal is to associate to every w € W another
ind-scheme LG [, such that the inclusion map

i<fuly * LG<u]ly — LGred

is still a fp closed embedding. Informally, LG, is the LG-orbit in LG of LG <, under
the #-conjugation action. Here is the precise algebro-geometric construction.



28 XUHUA HE, ARON HELEODORO, AND XINWEN ZHU

Consider the following commutative diagram

(2.4)
igv LG w
LGy x"WAd LGy —— LG x™AY LG, AdiTw
igw iéw ’L’gw
LG Iw,Ady LG i<w LG Iw,Ady LG o LG Iw LG LGxVL@ 7 . LG
v X ’ X = X AdyTw AdyTw
Bgo | 2 B|= mJ Jﬁ Nt
i< pr g Nt g
_—
Fle, x LG Fl x LG LG AdyTw A, I
where

A -, . .
e h (resp. h)isinduced by LG x LG — LG, (g1,92) = 9192 (resp. (91,92) = g20(q1));
e «is induced by LG x LG — LG x LG, (g1,92) = (g91,920(g1)71);
e 3is induced by LG x LG — LG x LG, (g1,92) = (g1, 91920(91)71).

Note that except for the square giving m o a = pr o 3, all other commutative squares are
Cartesian. In addition, by étale descent of affine morphisms, LG<, x™Ado LG <y, 1s affine
over Flg,, and therefore is a qcgs scheme.

It follows that the composed morphism (along the left column and the bottom arrow)

Adpy" i LG<, x Tw,Adg LG<y — LG, (g1,92) — 91920(g1) "

is fp proper.
For each m € N and finite subset I' C Q we let LG?m = U
morphism:

zEVT/F,é(z)SmLng’ The
Adyt s LGE™ WA LG, — LG
is also fp proper. This means that for every closed embedding i<, : LG<, — LG, the base
changed morphism
Ady™5 LGy x 16 (LGE™ XA LG ) — LG<,

is a fp proper morphism of qcgs schemes. By noetherian approximation ([35, Lemma
01ZM]), this morphism arises as the base change of a proper morphism

(2.5) Ol — FI) = LGy /Tw™

between finite type schemes over k, where n > 0 and Iw(™ is the nth principal congruence
subgroup of Iw. (So Flgg — Flg, is a Iw/Iw(™-torsor.)

Such morphism necessarily factors as

Cif?rz,F,w — ZS,QL,F,w - Fl(gntz
where qunglrw is the scheme theoretic image (see [35, Definition 01R7]) of (2.5). Then
C’Q(L"gl Cw — qungl I 18 Proper surjective and qung,b rw C Flgg is a closed embedding. As the
scheme theoretic image of quasi-compact morphisms commute with flat base change ([35,
Lemma 0811]), we see that the schematic image of Adg’m’r’w, denoted by Z, mrw, is the

base change of Z along the projection LG<, — FlZ,,. In particular, Adg’m’r’w factors

u,m,lw
as

LGy x1q (LGE™ ™AV LG ) — Zymrw C LGy


https://stacks.math.columbia.edu/tag/01ZM
https://stacks.math.columbia.edu/tag/01ZM
https://stacks.math.columbia.edu/tag/01R7
https://stacks.math.columbia.edu/tag/081I
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with the first morphism surjective fp proper and the second morphism fp closed embedding.
Now if m < m’ and I C I we have the following commutative diagram

LGgu XLG (LG?m XIW’Ade LGgw) E— Zu,m,l",w E— LGgu
LGgu X LG (LG;/”n/ XIW7Ad9 LGgw) E— Zu,m’,F’,w — LGgu

As the left vertical map is a closed embedding, so is the middle vertical map. In addition,
it is fp. We need the following lemma.

Lemma 2.9. Fix u,w. Then there is some m > 0 and finite I' C Q such that ZumTw —
Zym! I 18 @ nilpotent thickening for every m’ > m and I" D T.

Proof. We first note that as k-points lift along any fp morphisms, we have

(2.6) Zumrw(K) = Tul N (GE™ g Twl).

Then by Proposition 2.4 (2), for fixed u,w, there exists some m € N and finite I' C Q) such
that

27)  Tul N (GE™ g Twl) = Zymrw(K) =2 Zum 1vw(K) = Tul 0 (GS™ g Twi)
for every m’ > m and I" O T'. Now as both morphisms Zy mrw — Zum 1w — LG<u
are fp closed embeddings, they arise as the pullback of morphisms Z (n) 5 z™

u,m,lw u,m/ I w

LG <, /Tw™ between finite type schemes over k. Notice that (2.7) implies that Z () (k) =

u,m,lw

%

Zinﬂ)l, . (K), so we see that Zfbngzr w Zingl, [ 4 15 a nilpotent thickening. Therefore,
ZumTw — Lum' " is also a nilpotent thickening. (]
The above lemma implies that
LGéu,é[w]g = colim . (Zu,m,I‘,w)red C LGgu
m>0,I'C

is a fp closed embedding. In particular LG, <[], 18 @ qcgs scheme. E.g. LG, <
LG« Finally, let

(2.8) LGg[w]g = COliyl LGu,g[w]g C LG.
ueW

[w]o

This is an ind-scheme, with the inclusion morphism LG, — LG being fp closed embed-
ding, as desired. By (2.6), we have

LGy, (k) = G g W]
The construction also shows that LG, is ind-placid. Indeed, LG <, <[u], = Umzo(Zu,m,F,w)red

for finitely many m and I" € Q, and is an Iw(™-torsor over Umzo(Zu,m,F,w)f«Zc)l for some n,
and therefore is placid. Furthermore, it is stable under the #-conjugation action of LG on
itself. We also have LG [y, C LG [y if w < w', and

(2.9) LGrea = | LG,
weWw
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2.3.2. The locally closed scheme LGY,),. Now we fix a straight 6-conjugacy class and let w
be a #-straight element in that conjugacy class.
We let

LGy = LGepuly = |J LG<ury-
w/ <w
Then LG, C LGy, is quasi-compact open embedding, and therefore LGy, is a placid
ind-scheme as well. By Corollary 2.5, we have
LGy, (k) = Go.
Next, we prove that
LG[U}}Q = LG[U}/}B

if w and w' are of two straight elements in the same #-conjugacy class of W. For this, it is
enough to show that LG, N\LG<y = LGy, NLG <y for every u. As both LGy, NLG <y —
LG« and LGy, N LG<y — LG<, are fp locally closed embedding, they arise as base
change of some locally closed reduced subschemes of Flg} It then is enough to show that
LGy, (k) N LG<y(k) = LGy, (k) N LG<, (k). But both are just LG<,(k) N Go.

Now for every 6-straight conjugacy class O C W, we can define
LGp = LG[w] 0
for some #-straight element w in this conjugacy class.

We need one more lemma.
Lemma 2.10. For every u, the composed morphism
LG<y %16 (LGF™ x™AY LG) € LG<y x 16 (LGE™ x™AW LG \)) — LG<, N LG<puy,
factors as
LG<y x e (LGE™ x™AY LGY,) — LG<, N LGo C LG<y N LG<yy,-
Proof. We consider the map
LG<yx 16 (LG <" A LGYW) X 161G pyy, LG<uNLGo C LG <y 1o(LGE™ x™ AV LG,),

which is a quasi-compact open embedding (as it is the base change of LG<,NLGo C LG<,N
LG<py),). By Corollary 2.5, the above map induces a bijection on k-points. Therefore it is
an isomorphism. The lemma then follows. ]

2.3.3. Proof of Theorem 2.7. Given all the discussions above, the remaining key point is to
show that for w € O being #-straight, we have

LGo = LG<pujy-
This means that every point z € LG¢,], admits a generalization to a point n € LGy,
We may lift = to a point 2’ to LG<, Xr¢ (LGﬁm x Iw,Adg LG<y). As LG, C LGy
is open dense, the embedding LG:™ x™-Ad LG, c LGE™ x™Ad LG, is also open
dense. Therefore, after possibly enlarging u, ' admits a generalization to a point 7’ €
LG<, X1 (LGﬁm xW:Ade L ). Te. there is a valuation ring V and a map SpecV —
LG<y x1c (LG%m x Tw,Ady LG<,,) such that the generic point of Spec V' maps to 1’ and the

closed point of Spec V' maps to /. The image n of ' in LG¢, N LG «py), actually belongs
to LG<y, N LG by Lemma 2.10. In other words, we have a map SpecV — LG<[y,, which
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sends the closed point to the given point x and sends the generic point to n € LG<, N LGo.
It follows that LGop = LG <y,

In particular, we see that LG <[y, is independent of the choice of minimal lenght elements
in a straight 6-conjugacy class and we can define

LGy := LGy, = LGo.

Then it follows from Proposition 2.4 (1) and LG5(k) = Uprco LG (k). The first two parts
of the theorem thus have been proved.

Recall that LGyeq := colim;e(X;)req, for any presentation LG = colim; X; as an ind-
scheme. Thus, the last part of the theorem follows from (2.9).

LG
3. NEWTON DECOMPOSITION OF D (W)

3.1. Categorical closed stratifications from geometric stratifications. In this sec-
tion we prove the following general result that shows that a stratification of a sifted-placid
stack 2" by fp-closed stratum produces a closed stratification of the category of sheaves

D(Z).
Proposition 3.1. Let P be a down-finite partially ordered set and assume we are given a
collection { Zp}pep of sifted-placid stacks, such that

(1) the closure Zp ~ 25 = Ug<pZyq, Ip + Xp — Xy is qc qs and 15 : X5 — X is finitely
presented closed;

(2) one has colimpep 2 = Zred-
Then the assignment:

P—Clp),  p— (p): D(2p) = D(Z)
gives a P-closed stratification of D(Z).

Before giving the proof of Proposition 3.1 we need the following formal consequence of
Lemma 1.18.

Lemma 3.2. Let

y <*2 7,

(3.1) k{ &2 :

Z1(1—>X
1

be a pullback square of fp-closed embeddings of sifted-placid stacks, where Y = Z1 N Zs and
X =Z1UZy. Then

18 a push-out of categories in Pr/RD(X).
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Proof. Let j; : Uy := X\Z; — X denote the open complement of Z;. Notice that Z;\Y =
Uy and let s : Uy < Z5 denote the open complement to k3. By the open-closed gluing of
constructible sheaves we have an equivalence:

Llax *
D(X) =5 lim <D(U1) LWy D(Z1)>
F = (WF 0 F gz i 7 — 1.7,
where the morphism g# is induced by the cofiber-fiber sequence zl*z'l,? — F = jix JiZ.

Here the category lim!!® <D(U1) e D(Z1)> has a concrete description as triples

(eg\U1 € D(Ul),le S D(Zl),a : iTjL*gUl — yzl[”).
We also have an equivalence:
. llax kXlo .
D(Z) = lim (D(Ul) 22 D(Y)>
G (159,539, gy : k3lou 059 — ky9[1]),
where gy is induced by the cofiber-fiber sequence k27*k!2% -9 - lgj*lég and the category

k3l
lim!12x <D(U1) 23 D(Y)) can be concretely described as the category of triples:

(9, € D(U1),% € DY), : k3l Gy, — 9y [1]).
Now we claim that
(3.2) U:D(X) — D(Z1) | | D(2)
D(Y)
F— (iV.F,i5F n : Bi).F 5 kyih )
is an equivalence. Indeed, consider the functor

l.lax

(3.3) ® : D(Z1) Upgyy D(Z2) —> lim (D(Ul) "y D(Zl)>

(F1, Faun : k). T 5 by To) v (1T, T, i j1aly Ty — (1)),
where « is obtained as follows. One applies the (kj «, k'l) adjunction to the composite:
g —1
Kylouly T 73 kyFal1] T K 1]
to obtain:
(673 ZT]L*Z'Q ~ Z.T’L'Q’*ll*légzg ~ kl’*k‘;lgy*léﬂg — 91[1],
where we used the base change with respect to (3.1) and the compatible isomorphisms

k1, = k1 s, 2, = i2,4. It is straight-forward to check that ¥ and & are inverse to each
other. ]

Proof of Proposition 3.1. Notice that since each 1 is fp-closed, Lemma 1.18 implies that
(1p)« : D(Z5) — D(Z") is a closed subcategory.
From §1.5.5 it is clear that we have equivalences:

colim D(2%) — D(Z") — lim D(25).
pEP peP
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We now check conditions (ii) and (iii) from Definition A.4. Notice that for any p,q € P
we have:

(3.4) 25N X5 = Urgp and r<q Zr-
The following

D(2p N 2q) — D(Zp)

| [

D(2) —™ 5 D(F))

is a pullback square. Then (3.4) implies D(25 N Z3) ~ D(Ur<p and r<qZ7). By iterating
Lemma 3.2 we have that |J D(27) = D(Ur<p and r<qZ+). This gives condition
(iii) from Definition A.4.

Now by base change, the following diagram commutes:

r<p and r<q

D(Zirq) — "2 D(2;)
(1prg,p)” (1g)" >

D(Z5) B D(Z)

thus we obtain condition (ii) from Definition A.4. O
3.2. Affine flag variety. We apply the results of §3.1 to the affine flag variety.
3.2.1. W -stratification of D(F1). We keep the notations of §2.3.1. Condition (i) of Propo-
sition 3.1 is clear, whereas Condition (ii) follows from Remark 2.8. Thus, we have:
Lemma 3.3. The functor:
(3.5) W — Clpgny, w— (1) : D(Fly) — D(FL).
gives a W-closed stratification of D(F1).

In the rest of this section we spell out explicit the consequences of §A.3 and §A.4 for the
stratification (3.5).
3.2.2. Closed glueing. We work out the details of the construction of §A.4.2 for (3.5).

For w € W, we have:

COllm D(Flgw/) ~ hurn D(Flgw/)
w' €Wy w’E(W;w)OP

where the limit is computed in Pr" with the connecting morphisms given by #-pullback.
Let Fly, = Uw’}/‘w Fl, then {Fle, — Flay}uwyw is a Zariski cover, thus by descent, we
obtain that

colim D(Fle,) = D(Flygy).
U/EW});w
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Hence, the recollement diagram:

7T111‘, (iaw)*
TN ™~
D(Fl)w — Ty — D(Flgw) ¢ (iow)s = D(Flpy),

N U

Low

defining the strata D(F1),, is equivalent to:

jw )1 (7’ w)*
/ (] ) \ / o \
D(Fly) < jt — D(Fley) < (iow)- > D(Flay).

A R e

For each w € W we have the composite adjunctions:

(Juw ) (igw)x
U D(Fl,) ——— D(Fley) ——— D(F): 1, ,
(jw)! (igw)!
since (icw)1 — (i<w)x, we have U = (i) and vy, = (i)'
Notice that given w; < wy < w3 we obtain a diagram:

D(Fly,)

I

D(Fly,) » D(Fly,)

(jw1 )!o(ng)!

Here the double arrow means there is a (not necessarily invertible) 2-morphism (j,,)" o
(Jws )1 0 (jwz)! © (ng)! - (jw1)! © (ng)!~ .
More generally, the functors jiu, o (juw )1 assemble into a right-lax W°P-module(see [3, §A.1]
for a precise definition):
Jrop —D(EL) , pyl.

r.lax

From Theorem A.9 we obtain:

(3.6) D(F1) 5 limM2 o D(F,),
which can be more concretely computed as the strict colimit:
3.7 lim D(Fl,) — D(FI).

(3.7) oolim (Fl) (F1)

3.2.3. Open decomposition. For each w € W, let Fls,, := L 5o Fluwr = [y 20 Flcwr . Note
that Fls,, = (F1\Flg,,) UFl,, Fl,, — Flis a qcgs open since (F1\Flg,,) < Flis a qcgs open
as the complement of a fp-closed morphism. Thus the embedding i>,, : Fl>,, — Flis a qc
gs as the union of two such. The functor i, : D(Fls,) < D(F1) exhibits D(Fl,) as an
open subcategory, i.e. we have adjunctions (i;w,!,i;w) and (i;w, i>w%)-

The same argument as in the proof of Lemma 3.3 gives the following result:
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Lemma 3.4. The functor:

s (i>w)!

~
(3.8) W — Oppgry;  w+— D(Fluy) <ib, - D(F)
N,

determines a WeP-stratification of D(F1).

We could try to perform the open glueing (see §A.4.1) associated with this data, how-
ever, since W°P is not down-finite, the data obtained would not be equivalent to the open
stratification, i.e. it would not recover the category D(F1) (see Figure 1).

3.2.4. Reflected glueing. In this section we follow the procedure of constructing reflected
open glueing diagrams as described in [3, §1.10]. Instead of using the open glueing functors
(A.4), i.e. #-pushforward and pullback, we can consider the reflected geometric localization
diagrams:

(kw)! (i/w)!
(3.9) A D(Fly) = D(Uy) = D(FL): ¥, .
(kw)' (izw)'

In this case these functors are simply given by \¥ = (1)1 and ¥, = (2,,)". Thus, for w — w’
in WP, ie. w < w, the reflected glueing functors are:

fv, . p(FL,) © pEn Y peEL,).

As before, these assemble into a refiected glueing diagram:
WP — @ (D(F)) — Prl .
By [3, Theorem F], we have an equivalence:
(3.10) colim  %(D(F1)) 5 D(FI).
sd(Wop)op

Moreover, Remark A.10 implies that (3.10) coincindes with the glueing given by (3.7).

3.3. Decomposition of D (%). Recall from §2.3 that LG is an ind-placid scheme.

We have an action of LG on itself by #-conjugation. We let #%G) denote the (étale)
quotient stack, i.e. the étale sheafification of the prestack quotient (#%)Psﬂ(. We
claim that ﬁcz(;) is a sifted-placid stack. Indeed, since the action Ad},w :Iw x LG — LG
factors through LGw for some Newton point, hence Ad};w is ind-fp proper and by Remark
1.13 (4) we obtain that #(GIW) is a sifted-placid stack. Since the canonical projection

LG N LG
" Adp(Tw)  Adg(LG)
is surjective ind-fp proper, we obtain that % is a sifted-placid stack as well.
For every straight #-conjugacy class O we denote by
, LGo LGH , LG5 LG
: d i5H:
JORGLG) T Ad(LG) M O AQ(LG) T Ady(LG)
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the inclusions of the quotients of (2.3). We claim that jo is qc gs and that iz is fp-closed.
Indeed, since the notion of fp-closed embedding is local for the étale topology, it is enough
to check that the morphisms

< LGH ) (_)( LG >
Adp(LG) ) pg Ady(LG) ) pgix

at the level of prestack quotients is finitely presented, which directly follows from Theorem
2.7. The argument for jo is similar. We pose ip := iz o jo.

Notice that D ( G ) is very far from the product [[, D , as pushforward

fel

Adg(G) Adg (&)

of sheaves coming from different Newton strata can interact. Roughly speaking, the best
description of this category we can hope for is a form of semi-orthogonal decomposition.

Theorem 3.5. The collection of functors:

(311) 02 (sater) = P (i)

determines a closed W /o W—stmtiﬁcation of D <W§G))' Moreover, the O-strata of the
corresponding semi-orthogonal decomposition is given by:

> (wagie), =7 (saiia)

and closed glueing functors corresponding to © < O' are given by (ipr) o (ip)1.

Remark 3.6. We call this decomposition the Newton decomposition of D ( v v( G)>

Proof. By Theorem 2.7, the collection {LGO}OEW JoW satisfy the conditions of Proposition
3.1. Thus, the assignment (3.11) gives a W /g W-indexed Closed stratification.

LG@ LGy0 LG
We now compute the O-strata. Let {£7% : =Uoryvo Adg(LG) and 490 * AD1E < Rayia

the associated fp-closed embedding. One has an equivalence:

. LG& ~ LGy0
oolim D <Ad9(LG)> —D (Adg(LG))'

Thus, the recollement diagram defining D (#CZG))O becomes:

/”{5 \ _— (ipo0)* \
(3.12) D (5az5),, o — D (mihey) ¢ ool = D (55%425) -

\Wg/ v/

(ia0)’
By Proposition A.1 (2) we have that D (m) is equivalent to:

LGH LGyo
FeD M () =0, forallg € D [ -=220 ) L
{ - <Ada(LG)> |Mep(#, (0).(#)) =0, for 2llF € (Ade(LG)>}
Since igo is fp-closed, by adjunction we obtain that (igpp)*(.%#) ~ 0. Thus, (1.31) implies
that F ~ (jo)i(F') for some %' € D (%).



37

This shows that the recollement diagram (3.12) is equivalent to:

(Jon (tao)*
N T RN
LG N LG LGyo
D (Adg(LG)) < @o)— D (Adg(LG)) (i00)« > D (Adg(LG)) :

S D —

(Jo)« (i00)
One can then directly check that the glueing functors are as claimed. This finishes the
proof. O

3.4. Further comments. We point out that as a consequence of Theorem 3.5 we have:

LGH ~ LG
colim D (| -——9Y_ > — D () .
OEW /oW (Ade(LG) Ady(LG)
Concretely, it means that any sheaf .# € D (7A dﬁ(ch)) is (ig)«(F5) for some F5 €

D(%) Moreover, compact objects in D <W) are given by direct images of

D, (Ad (LG)) for some O.
Alternatively, the theory of stratified stable oo-categories gives a different description
of sheaves on WGLG) in terms of their values on the locally closed disjoint strata of LG.

Indeed, by applying Theorem A.9 to Theorem 3.5 we obtain the following;:

Corollary 3.7. The category D ( (GLG)) can be recovered from its locally closed pieces as

the following strict colimit:

) LGp ) ~ ( LG )
coilm D|———F=| —>D—+—-—]|.
sd(W /g W) (Ade(LG) Ady(LG)
Let’s unwind this statement. First, for a poset P one has:
sd(P) := {¢ : [n] — P | ¢ injective morphism of posets}.

Notice that as a subset of the power set of P, sd(P) is itself a poset. Given .% € D (A)

Ady(LG) )
Tz i L1 T 7
let g(#) € lim r.ﬁi,w ¥ (F) denote the data of

((b(7) € DT Nouw i 00101 T8, 216,(F) — i, (Floyro, ).

where ap, 0, are induced by the canonical counit morphisms, satisfying certain compati-
bilities. Then one has:
colim il (F) =5 7.
sd(OeW /o W)

In fact, any collection of sheaves and morphisms:

LG
<{f(9 € D(Ad (0 ))}OGW//GW’{aOhOQ 3Fg;(ﬂ01) — 902}O1>Foz>

satisfying conditions analogous to those specified in Example [3, Example A.5.3. (2)] de-
termines a sheaf F := COhmsd((’)GW//gW) Foin D (W(i(;))'

"Notice that for Oy # Oa the functor Fg; vanishes, so by Remark A.8 we don’t need ao, 0, in this case.
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Furthermore, let & € D (#%G)) denote another sheaf, then one has an equivalence (cf.
[3, Theorem A (4)]):

Map ¢ (F, &) = lim Map  zc ., (D% 0i o0 (F),i' (&
D(Ad6L<LG>)( ) ([n}i}W//QVT/)ESd(W//QW)DP< (7;9?&3)( o0 F): ig0)(€))

where I'? := le(n) o (igo(n—l))! O-++--0 le(l) o (Z@(O))'

4. CATEGORICAL COCENTER OF AFFINE HECKE CATEGORY

4.1. Categorical cocenter. We start by recalling some general categorical constructions.
Given a monoidal presentable stable oco-category (C,*) the categorical cocenter Tr(C) of
C is defined as Tr(C) := C ®cgcrev C, where C™V denotes C with the reversed monoidal
structure. The tensor product is taken in the category Lincatg. It receives a universal
map tr : C — Tr(C). In the literature Tr(C) is also referred to as the categorical trace or
categorical Hochschild homology of C.

Now we discuss the twisted cocenter. Let ® : C — C be a (right-lax) monoidal endo-
functor. We denote by C-mod the oo-category of left C-modules in presentable stable co-
categories. One obtains ®, : C-mod — C-mod which is represented by $C € C ® C*Y-mod,
i.e. C = C with the left action of C via ® and the right action as usual. We define (following
[9, §3.7.1] [20, §7.3.4]) the ®-twisted categorical cocenter of C as:

(4.1) Tr(®,C) :=C ® oC.
C®Crev

We denote by tr : C — Tr(®,C) the canonical map sendsing ¢ € C to the image of 1¢ ® ¢ in

Tr(®,C).
Let A denote the simplex category, i.e. the objects are non-empty totally ordered finite
sets [n] := {0 < --- < n} for n > 0 and the morphisms are order-preserving functions. To

concretely calculate (4.1) we consider the bar resolution of C as a right C ® C*¥-module,
given by:

Bar(C), : A°® — Lincatg, Bar(C), :=C®*"®C ® " ~ Cc®(n+2)

with morphisms induced by the monoidal structure. By tensoring with (—) ® C one
C®Crev

obtains:

C(&l(gn Bar(C)e C®(§§>rev oC — Tr(9,0C).

One can simplify the above resolution by level-wise using the isomorphism:

c®nt2) o 05 0O R oC
C®Crev

(ap, a1, -+, an, Gpg1,b) — (a1, -, an, P(ant1)bao).

The resulting simplicial object in the oco-category of presentable stable oo-categories is the
(twisted) cyclic bar construction:

(4.2) Coe: AP —s Lincatg, [n]+— C®" ® oC,
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where the face morphisms C*"*! @ $C — C®" ® ¢C are given by:
do = idgon & B(—) % (—)
dip = idpi-1) @ (=) * (—) ® ideom-inggye for0<i<n+1,
dpi1,n = ideen ® o(—) * (—)1,
where ¢(—) *x (—)1 means we apply the tensor product with ¢C as the left factor and the

first copy of C as the right factor. Thus, we have (cf. [28, Theorem 5.5.3.11 and Remark
5.5.3.13)):

cglggn(?cp,. — Tr(®,C).
Later we will also need the degeneracy morphisms:
Cim = idesi ® le @ idgsm-ng,e  C¥" ® o€ — C¥ T @ 4C,
where 1¢ € C is the unit of the monoidal structure of C, for 0 < i < n.

4.2. Beck—Chevalley criterion. To have a more concrete understanding of the cocenter
we would like to realize it as a full subcategory of a more accessible category. For that, we
recall an abstract result of Lurie that allows us to do that. Let A denote the augmented
simplex category, i.e. the objects are (possibly) empty totally ordered finite sets with order-
preserving functions as morphisms. By convention, [—1] denotes the empty set. Given
an augmented simplicial object D : Aip — Lincatg, one says that D satisfies the Beck—
Chevally condition if for every n,m > —1 and every morphism « : [n] — [m]in Ay, inducing
ay : [n+ 1] = [0] x [n] = [0] * [m] = [m + 1], the induced diagram:

dO m
A +
m+1 Dm

D +l lpg

D+

is vertically right adjointable (see §1.1 (g)). The following result is proved in [28, Corollary
4.7.5.3] and [21, Proposition 2.3.3]:

Proposition 4.1. Given a simplicial object Dy : A°P — Lincatg and an extension D} :
Aip — Lincatg, i.e. Df | op = De, of Do to an augmented simplicial object such that:

(i) the unique face map D — DT, admits a right adjoint,

(ii) D satisfies the Beck—Chevalley condition.
Then the canonical morphism:

cqlim Dy — Dt

18 fully faithful and admits a Tight adjoint. Moreover, the category colimpaoer De is generated
under colimits by the essential image of Dar — DJ_FI.

In Proposition 4.1 the last statement follows by applying [28, Proposition 4.7.3.14] to the
adjunction F': Dar : colimpop Dy : G , where F' : %@L — colimaop D, is the canonical

morphism to the colimit and G its right adjoint, whose existence follows from the proof of
Proposition 4.1 as in [21, Proposition 2.3.3].

More concretely, here is what one needs to check the Beck—Chevaley condition. Firstly,
notice that any morphism in the category A is a composition of two types of morphisms:
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degeneracy morphisms and face morphisms. Thus, by functoriality of passing to right
adjoints, we only need to check that for every n > 0 and 0 < ¢ < n + 1 the induced
diagrams:

do,n do,n+1
Dn+1 —_— Dn Dn+2 — Dn+1
Ci+1,n+2l lci,nJrl and di+1’n+1l ldiyn
Dn+2 r) n+1 Dn—l—l T> Dn
0,n+1 0,n

are vertically right adjointable.

Secondly, notice that an extension of D, to an augmented simplicial object D : A%” —
Lincatg, is the data of a presentable stable co-category Dfl, a functor do 1 : Dy — Dfl
and an isomorphism

[0 d07_1 o dO,D i) d07_1 o d170.
These are required to satisfy higher compatibilities with the isomorphisms determining
D, : A°? — Lincatg, e.g. the following diagram of isomorphisms commutes:

B2 @
do,—1do1do2 — do,—1dp1d12 — do,—1d1,1d12

| o

B1 @
do,—1d1,1do,2 — do,—1dp,1d22 — do,—1d1,1d22

and so on for higher compositions. We emphasize that there is no general way to construct
Di_l and d07_1.
Finally, the Beck—Chevalley condition for C_; requires that the diagram:

do,o
D1 ——— Dy

is vertically right adjointable. Notice that there is no diagram involving degeneracy maps
and the category DT, since there are no morphisms from [—1] to [0] in A.

4.3. Affine Hecke category. Let X = Iw\LG/Iw, in this section we focus on the affine
Hecke category H = D(X). Notice that for each w € W by Remark 1.13 (2) one has a
placid atlas:
hw : LG<y — Iw\LG <y /Iw.

In fact, since one has a pro-unipotent radical placid group subscheme Iw" — Iw, whose
quotient Iw /Iw" is of finite presentation, one concludes that h,, is essentially cohomologically
smooth, so Iw\ LG<,,/Iw is very placid. Thus, colim, _j;, IW\LG<,/Iw — X is an ind-very
placid stack.

We first explain the monoidal structure of H. The placid group scheme Iw x Iw acts
on Iw\LG x LG/Iw via ((h,h2),[g1,92]) = [g1h ", haga]. Let Z = Iw\LG x™ LG/Iw be
the quotient stack of Iw\ LG x LG /Iw with respect to the diagonal Iw-action. We have the
following diagram:

XxX 2 7 -ty x,

where a is induced by the quotient with respect to Iw sitting diagonally in Iw x Iw and b
is induced by the multiplication map.
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The monoidal structure is given by the composite:

(4.3) «: D(X)® D(X) -2 D(X x X) %% D(X),

where X : D(X) ® D(X) — D(X x X) is the external tensor product encoded in the lax
monoidal structure of (1.27). In general, the external tensor product functor is only fully
faithful, see [20, Lemma 10.85, (10.48)]. However, for the affine Hecke category we have:

Lemma 4.2. [20, §3.2] The external tensor product X : D(X)®@D(X) — D(X x X) induces
an equivalence of presentable stable co-categories. Thus, Hy ~ D(X(”H)) forn > 0.

The automorphism 6 of LG induces an automorphism of X that we still denote as 0. Let
® =0' : H — H denote the induced monoidal functor on H.We will compute the ®-twisted
cocenter of H using Proposition 4.1.

The correspondence Iw\ LG /Tw - Y dle’gw) 4, T deL&G) gives a functor:
LG
4.4 CH:=gq.op: D|———].
w0 Rl )

By definition of the trace, one has a factorization:

tr F LG

We now state the main result of this section.

Theorem 4.3. (1) The canonical functor:

G
(4.5) F:Tr(©,H) — D (Adg(é))

is fully faithful and admits a right adjoint. Moreover, Tr(©,H) is generated under
colimits by the essential image of CH.
(2) For each © € W [lg W, let Tr(©,H)x0 be the subcategory of Tr(©,H) spanned by
sheaves F such that (iz:)*(F) = 0° for all O' # O. The assignment
W oW — Oppyorn)y O+ Tr(0,H)-0

determines an open W [lg W -stratification of Tr(©,H).

(3) The stratum Tr(©,H)o of the semi-orthogonal decomposition consists of # € Tr(©,H),
such that F ~ (ip)|(¥) for some 4 € D (Liég) More concretely, Tr(0©,H)o is gen-
erated under colimits by the essential image of qu « op, : DOw\LG,/Iw) — D (%)
where w € W such that LGy, C LGo and Tw\ LG, /Tw & AdLgG(wa) oy AdgL(CzG)'

4.4. Beck-Chevalley condition for Tr(©,H). We first introduce some notations that
will be used in the proofs in this subsection. For n > 1 and 1 < i < 7 < n we let:

W, :=X" and Wy, :=X"1xZx X"
and the morphisms:

ansi * Whii — Wi (resp. by - Wiy — W)

8This should be denoted by (i57)" o F(F) we drop F from the notation since it is fully faithful.
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denote the morphism obtained by applying a (resp. b) to the Z factor and the identity in
all other factors.

For ¢ # j, consider W,,; ; and the morphisms a;.; j, Gn;i j, bniij, and by ; defined such
that all of the following are pullback diagrams: - -

bnsi,j bnsi,j b,

Wn;z‘,j —_— Wn;i Wn;z‘,j _— Wn;i Wn;i,j E— Wn;j
bn;i,jl J/bn;i ) an;z‘,jl lan;zw and an;i@i lan;g .
Wy ——— Wh Wigij+1 ——— Whp Wht1i —— Whia

’ bn;j ’ bpt1j+1 7 obngii

We will also need:
Oy : W, — W, and 6y, : Wn;i — Wn;i7

which applies the automorphism 6 to the k-th factor of X, where k # i. We abuse notation
and do not distinguish between these morphisms to keep the notation light.

The next two Lemmas check the part of Beck—Chevalley conditions that only involve the
original simplicial object given by the twisted cyclic bar construction.

Lemma 4.4. Forn > 0 and 0 < @ < n, the degeneracy morphism ¢;py1 @ Hn — Hnt1
admits a right adjoint cEn 41 and the induced diagram

dO,n
Hn—H — Hn

(4.6) C§+1,n+21\ Tcgnﬂ

Hnto 7— Hna
0,n+1

commute.

Proof. Let e : Speck — LG be the identity morphism, it induces an ind-fp proper map
10 B Tw\LG/Iw, where & ~ Iw\LG<o/Iw and 0 € W is the identity element. Thus,
the pushforward 2, is well-defined (see Lemma 1.17). The unity in D(X) is given by % :=
tx(wpt ). Thus the functor ¢; 41 : D(Whpy1) = D(Wyye) is given by:
Iw
(ﬁl, e ,%Hl) — (9’1, e 792'—17 550,9}-, e ,%Hl).

Notice that the map  : % — pt is weakly cohomologically pro-smooth, since as discussed
in the beginning of §4.3 the cover pt — pt/Iw is essentially pro-unipotent. Thus, by
Proposition 1.21 one has an adjuction (', 71).

Thus, we have the adjunction:

Hom 2 ((idx X 1),(idx x 7)'(F), % K %) ~ Hom y2(.Z, (idx x 7),(idx % 2)' (4 K%)),
from which it is clear that the right adjoint cEn 41 0 €iny1 18 given by
an—&-l : D(Why2) — D(Wpy1)
(F1, ..o Tnga) — (P, .. Fiot, (ldx x m)(idx x 0 (Fi B Fig1), Fiva, - Fnga).

Now we check that the diagram (4.6) commutes. Let 2, : W, — W11 denote the
inclusion of the identity on the (i 4+ 1)-th factor on the target. Notice that cE‘n 41 °dont1
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(resp. dopn © Cﬁu,n o) is given by pull-push along the bottom then the right side (resp. the
left then the upper side) of the following diagram:

Wht2 Droastn e Whtiins1 GaEE Whtt
ide+2><7r ide+1;n+1 X idwn+l X
(47) Wn+2 X pt/f Gw Wn+1;n+1 X pt/f % Wn+1 X pt/i
In42,i42 Unt1,i+1 In41,idl
h On420an+2:n+2 h bnt2in+2 h
Whts ——— Whioint2 — W2

We obtain the chain of isomorphisms:

! ! : ren !
(Ont1,n41)% © Qpp1 g1 © Oy © (i, X ™)™ 0 Unt2,i42

~

; ren ! ! !
(bn—l—l,n—i-l)* ° (lde+1;n+l X W)* Olpi1nt1° Hn—i-l © 7’n+2,ﬂ

~

: ren ! ! !
(idw,, .y X m)3 0 (bng1mt1)x © bpt1,i+1 © Apy2:n42 © Ori2

~

: ren ! ! !
(idw,,, X )i o bnyit1 © (bn+2,n42)x © 942 © Onpos

where the first isomorphism is base change for the upper-left square of (4.7) by Proposition
1.21 (i), the second isomorphism is Proposition 1.21 (iii), and the third isomorphism is base
change for the bottom-right square of (4.7) given by Lemma 1.17 (i).

This finishes the proof. O

Lemma 4.5. Forn > 0 and 0 < i < n, the face morphism d;,, : Huy1 — Hp admits a
right adjoint d?n and the induced diagram

do,n+1
Hnt2 —— Hat

(4.8) Bornir| [

HnJrl T) Hn

commutes.
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Proof. Consider the commutative diagrams:

0n+20an+2;LH bn+2;n+2
Wigs «———— Wygonto ———— Wypo

(On+420)ant2,it1 Qn413i,n+1 (N0)an+1,:
On10Gn41;i,n41 brt1yimntt
(4.9) Whioiv1 ¢ Wogtiin ———————— Whi1, )

brnt2;i bnt1ii,n bnt1i

On+10an+1;n+1 bn+1n+1
Wigo ¢«————— Whtiinp1 ————— Wi

where 1 : Wy, 1o — Wi 49 is the cyclic permutation that sends the first factor into the second
factor, and so on. Here we use the notation:

An42,i+1, ifi <n+1,
(On+20)an2,i+1 = — .
Ont2 0 Gpngomy2, ifi=mn+1;

and

Apt-1,6, ifi <n+41,

o)a —
(77 ) n+1,2 10 Gniim+1,s ifi=n+1.

Notice that for any m > 1, one has:
dio = (bm1,m+1)« © a!m+1;m7+1 © 91!n+1
dim = (bm41,i)« © a!m+1;@ forO<i<m+1
dm+1,m = (bm+l,LH)* o aiﬂ—&-l;miﬂ © 77!'
Define:
dg,{() 1= (Om41)" 0 (aerl;ﬂ)ien © b!m+1,;'
dz‘m = (am1;41)3 T © b!m+1,1‘ forO<i<m+1
et m = 15 0 (g 1mt1)E™ © B g -

For all m > 0 and 0 < ¢ < m + 1, the fibers of the morphism ap41.; @ Wing1 — Wingo

are isomorphic to the essentially pro-unipotent scheme Iw. Hence a1, is essentially pro-

unipotent, thus (am+1,)i" is well-defined and we have an adjunction:

a!m+1;g :DWiny1) T D(Winy2) : (ams1i)i™ -

The morphisms by, 41,5 : Wint1,i — W41 are ind-fp-proper, since their fibers are isomorphic
to Fl, so we obtain the adjunction:

(Omt1:i)s : D(Wint1i) e D(Wipga) : b!m+1;;‘ :

Since n and 6,, are isomorphisms. We obtain that dE”m is right adjoint to d; .
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Now we check that the diagram (4.8) commutes. Notice that the top left and bottom
right squares in (4.9) are Cartesian. The natural base change map:

! ! ren !
(bn+2;n+2)x © Ap42:n42 © 042 © (an+2;ﬂ)* ° bn+2;j

oa 0f o b
a’n-l—l;z',n-‘,—l n+1 n+2;1

(bn+2;LH) * O (an—f—l;g‘,n—i-l )"

ren ! ! !
(an+1:2)5" © (Dnt15im41) % © bn—i—l;j,n ©Qpt1:n41° 041

~

hg

ren ! ! !
(an+15)5" 0 bn—i—l;j 0 (bn+1m41)x © Apt1;m+1 © i1

is an isomorphism. Indeed, the first arrow is an isomorphism by Proposition 1.21 (i) and
since since by, 1. is ind-fp-proper the the middle arrow is an isomorphism by Proposition 1.21
(iii) and the last arrow is an isomorphism by Lemma 1.17 (i). We have similar isomorphisms
when we include 6,12 or 7 in the edge cases. ([l

Now we need to define an augmented simplicial object H{ : A" — Lincatg, whose
restriction to A°P is the twisted cyclic Bar construction on #H (see (4.2)). In our situation,
a natural candidate for the augmentation extension is (see (4.4) for the definition of CH):

LG
. +
CH :Ho— HT, ._D< dg(LG))

Lemma 4.6. The functor Hf : A" — Lincatg extends the twisted cyclic bar construction
on H to an augmented simplicial object. Moreover, the diagram:

do,o
H1 —— Ho

(4.10) dwl ido,_l

H() —_ Htl
do,—1

1s vertically right adjointable.

Proof. Consider the commutative diagram:

610a

Iw\LG/Iw)? + % Iw\LG x™ LG /Tw —2— Iw\LG/Iw

MT Iz . Tp

w L7 LGX™Y LG h , LG

(4.11) Iw\LG x™ LG/Iw < Ky ) 7 Adg(Tw)
bl lﬁ lq
P LG q , LG

IW\LG/IW Ady(Tw) " Adg(LG)

where ¢ is the swap morphism and 6, applies the automorphism _0) on. the first factor. Let
[(g,9)] € %, where (g,9') € LG x LG. The morphisms h, h are define in (2.4),
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where ﬁ and <ﬁ are given by:
#(l9,91) = ([¢,0(9))) and 2 ([g,9') = ([9. 9],

Thus, one has:
do—10dog=giop obioa 0 anddy_10dig=g.op ob,oo od.

One can directly check that all the squares in (4.11) are Cartesian. Since b is ind-fp-proper,
by Lemma 1.17 (i) the commutativity of the diagram (4.10) follows from the base change
isomorphisms:

s O (%)*o(%)' oa 0] =5 q.op ob,oboda;
q*o(ﬁ)*o(ﬁ)!oal oa %q*opl ob,oc od.
Moreover, since a and p are weakly cohomologicall pro-smooth, one has functos:
oo a0 b : D(X) — D(X?), and pi™ o ¢' : D(Y) — D(X)
which are right adjoints to b,oc' oa' and g, op', respectively. Thus, to check that the diagram
(4.10) is vertically right adjointable we need to check that the canonical morphism:

b, oa OO’ O(el)reno renob — b, O(ﬁ)reno(%)!ob!
= pi™ o (K)o () op!

ren

— P og'og.op

is an isomorphism. The first arrow is an isomorphism by Proposition 1.21 (i), the middle
one follows from Proposition 1.21 (iii) and the last by Lemma 1.17 (i). O

4.5. Stratification of Tr(©, 7). In this subsection, we get a stratification of the subcate-
gory Tr(©,#H) from the stratification of D (Ad (LG)>
We start with the following observation:

Lemma 4.7. The functor (4.5) makes Tr(©,H) into an open subcategory of D (#%G))'

Proof. We need to check that we have the following recollement diagram:

/trenh.\ /F\

H f: trenh R - T\[('(@,H) $---FR---—- D(WgG)) .

. > S 1
trenh.,RR . ~o -

~

~~ pRR.--"~

First, the functors trenh' R and F® exist as a consequence of Proposition 4.1.
Notice that D ( (LG

by construction the functor (4.3) enconding the algebra structure of H and similarly the
functor enconding the (twisted) action of H on itself preserve compact objects. Hence [10,
Chapter 1, Corollary 8.7.4] implies that Tr(©,?H) is also compactly generated. Since the
composite tr? := trerh-RoFR — pren o ¢! is continuous by construction (see Proposition
1.21), compact generation implies that the functors tr*® and FR admit further right
adjoints. ]

)) and ‘H are compactly generated (see Remark 1.16 2). Moreover,
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To check that the stratification of D (ﬁ%) restricts to a stratification of Tr(©,H) it

is convenient to use a criterion established in [3].

Proposition 4.8. [3, Proposition 3.4.7] Let Uy : P — X be an open stratification of X and
letv:Y — X be an open subcategory, such that for every p € P we have factorizations:

UyNYy —— Y U,NY —— U,
@ 7 RO i

Then the assignment:
P — Opy, Pr—U,NYy

determines an open P-stratification of Y. Moreover, the pth stratum is given by X, N Y,
where X, is the pth stratum of the stratification of X.

To apply this result to the decomposition of D (W(i@) we need to rephrase the closed

stratification of Theorem 3.5 as an open stratification. We will follow the construction from
§A.3. For every O € W [Jo W, let

(4.12) Zo:= |J LGz = | | LGo, and LG.o:= [ ] LGo.
OO OO O'=0
We denote by
Zo LG ) LG, LG
PO R, gy M 0 R, Gy T Adp(LG)
the induced fp-closed embedding and qc gs open complement. Notice that by Lemma 3.2,

we have
LG ~ Zo
U D(O >—>D<>.
oo Ady(LG) Ady(LG)
Thus, by applying the open-closed correspondence of §A.3 to the closed stratification
(3.11) we obtain the category R (D (#ﬁG)))@’ which can be concretely described as:

LG ~ Zo
{JO eD <d9(LG)> | MapD(AdgL&G))(J,(p@)*%) for all ¥ € D ( dg(LG))}'

By the adjunction ((po)*, (po)«) and (1.31) we have that .# =~ (i.0)i(Z.0) for some
LGy,
ﬁko S D ( =

This implies that for every O € W /o W, we have the following recollement diagram:

Ady(LG) )-

Po (i=0)
/\ /—\
D (Adgz((ic;)) — (o) —> D (Adf(%G)) — (ir0)' —> D (Aﬁf(i%)) :
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By Proposition A.6 one obtains an open (W /g W)°P-stratification of D (W(z@):

(W g W) — Op

5\, Or—D
(Adg(é)) (Adg(LG)

LG>;O )

Now for every O € W /o W we let:

Tr(©,H)-0 =D </§§zf®> NTr(0,H).
Concretely, we have:
(4.13)
TH(O, H)so = {y € Tr(H, 0) | F(F) ~ (iro)i(¥) for some 4 € D (Aflizoc;))}
and Lemma 1.18 implies that we also have:
(4.14) (0, H)ro ~ {7 € Te(H,0) | (po)" o F(F) = 0}

To obtain an open (W /g W)°P-stratification of Tr(©,H) we need to check conditions
(i) and (ii) from Proposition 4.8. Condition (i) uses the details of the definiton of LG,
whereas (ii) requires some nontrivial results on what the Harish-Chandra morphism does
to sheaves coming from a given strata in the affine Hecke category (see Lemma 4.10 below).

Lemma 4.9. For every O € 174 /o W we have the following factorization:

Proof. The functor F® is hard to describe directly, so we use the following trick. Let
Ho :=4{F € H | (po)* o CH(F) = 0}. Notice that the restriction of tr to He factors

through Tr(©,H)~o and D <L”O) . So we have a commutative diagram:

Ady (LG
.0
Ho « ’ > H
trol W}f i itr
(4.15) Tr(0,H)r0 —— Tr(0,H)

ro| v

D (secy) 2 D (satfier)
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where the top two horizontal arrows are simply the canonical inclusions. By passing to
right adjoints for the vertical maps we obtain that the following lax-commutative diagram:

L
™H,0

Ho < ’ > H
(tro)RT ~ TtrR
™o
(4.16) Tr(0,H)ro0 ——— Tr(0,H)

D <Aﬁf&%>) o) D (Adﬁ(%G))

Since Ho generates Tr(©, H) -, the diagram (4.15) directly implies that the upper square
of (4.16) commutes.
Now we claim that the outer diagram of (4.16) also commutes. Concretely, we need to

check that CH® o (ivo)r: D <A€1§(§%)) — H factors through He, i.e. that

(po)* o CHoCH o (i p) = 0.
By (4.12) this is equivalent to checking that
(igr)" © gx opopt®oqo (ivo) = 0 for all O’ # O.
LG LG—; .
Let agr : LGar — Adg(‘fw) — Adg(fG) be the natural quotient map, by descent (1.24) and
Remark 1.16 (1), it is enough to check that

(a@)! o (igr)* o g« op! opi™o q! o (ixo)1 = 0.

Let w' € W be a minimal length representative in the orbit [w'ly = O’ and recall the

presentation (2.8) and let ¢ 0 LGy <pu), = LGgr. To check that a sheaf 7 €

u,<[w']y
D(LG &) vanishes, it is enough to check that (zgy< [w,]g)!f vanishes for every u € W. Indeed,
it is enough to check that the *-restriction of % to each fp-closed LG, <), — LGwr
vanishes, and since LG, <[w], = Up'<u,<[w']y> Py induction it is enough to check that the
*-restrictions to each locally closed LGy, <ju
need to prove that:

, vanishes. Namely, that for every u € W we

(4.17) (fuuw)* o ¢ og.op opo q o (ivo)) ~ 0 for all 0" % O.
Consider the diagram:

H

7
Iw\(LGy X LGy /Tw —% Tw\ (LG x™ LG)/Tw —2— Iw\LG/Iw

l"u,w’T MT pT
%

fIw , I
Iw ww , LGxWILG h ., LG
LGy x™ FLcw " T Ady(Iw) T Adg(Iw)
lm % o
Fuur e q LG

LGy <, > Rdy(tw) > Rdy(LG)
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where all the squares are Cartesian. We notice that we have:

ren

(fuw)*0q 0g.op opt Yo (fuw) o0

~

(

~ (M)

=~ (M)

~ (M )x ©
(M)
(M)

% O

3
£
E\

~

% O

W
(fi

.o (Mu,w,
(
(
(

)
Nu,w’) ( w) ' © h oq
)i (muw’) (fuuw)® Oq!7

% O

where the base change statement for #-pullback hold because the corresponding morphisms
are open.
From the following commutative diagram:

LGu <[w]g
lf@’ \
LG* vor LG
Ady (IW Ady(Iw)
lqﬁ lq
o LG
Adg(LG) g Ady(LG)

we obtain that:
(f’u,w ) © q © (7’>0)' = (fu w’) © (ZIE/)* o q! o (i>0)!
= (fu,w’)* o (4gr)' © oo (i-0):

which vanishes for O’ # O. This gives (4.17) and finishes the proof. O

We separate the crucial calculation necessary to check condition (ii) of Proposition 4.8
in the following:

Lemma 4.10. Let w € W and s € S. Consider the diagram:

| Pu LGy Qu LG
(4.18) Iw\ LG /Tw < Adg(Tw) ’ Ady(LG)"

Set w' = swl(s) and Fyy = qu« © pf!u)(wlw\LGw/IW)'
(1) If L(w') = L(w), then Fupy = Fur.
(2) If {(w') < l(w), then one has a cofiber-fiber sequence:

]:sw[2] @fSw[l] — Fup — ]:w/[Q].
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Proof. Without loss of generality, we may assume that sw < w. Consider the following
diagram:

Pw LGy
Iw\ LG\, /Iw Ady(Iw)
i l NT \
I P LGx™LGa _ wO™ LG
IW\LGS x W LGS’LU/IW Agg (Iw) Adg(LG)"
o~ f/ ’Elf quwom
p// LGszIWLG R
Iw\ LGy xIw LG@(S)/IW Ady (Iw) o

Here A x B is the quotient of A x B by the Iw-action defined by i(a,b) = (ai™',ib), p’

and p” are the projection maps from Ad, (Twy 1O Iw\ — /Iw associated to Ady(Iw) C Iw x Iw,
m and m’ are the multiplication maps, and f, f' are induced from the swap map

LGy x LGy — LGy x LGy, (91,92) — (g2,0(g1)).

Thus we have
Fu = (Gu)x 0 Doy Wi\ LG /1w) = (G0 © M) () (W1 LG 51 LG /1)
= (qu o m)*(p//)!(wlw\LGswxleGQ(s) JTw)-

If /(w') = {(w), then the multiplication map gives an isomorphism LGy, x™ LGy =
LG,,. Thus we have

Fr = (w0 ) (1) (01 LG 1 LGy /1) = (@) © Par (Wi 16, /1) = Fuor-

Now we consider the case where £(w’) < £(w). Consider the diagram:

X)  o LGuwxMLGyy 9 X,
Adg (Iw) ’ Ady (Tw) Adg (Iw)
| | |
LGS’LU c LGS'“}’G(S) pi > LGw’
Adg (Iw) M Adg(Iw) Adg(Iw) ’

where:

LG, if w > sw;

LGsw,O(s) - v ey

LG, ULGg, ifw < sw,

71is an open embedding, and 2 is the closed embedding from its complement. The projection
3 . LG, . .

p1: Adif(llw) — Aﬁf(ﬁ) is an (A1\{0})-fibration and p, : Adi;%w) — Ady(lw) 15 a0 Al-fibration.
Thus, we have:

Plaw  X; MW LGsy (1] Bw resw [2]
Adg(Iw) Adg (Iw) Adg(Iw)

and

P X, ~w re, [2]
Adg(Iw) Adg(Iw)

By applying the localization sequence to the closed embedding of + dff(llw) in AdLecgi“W) gives:

| !
4V W_LGy —>W_LGyw — )% 0 )Wy LGuw
Ady(Iw) Ady(Iw) Ady (1)




52 XUHUA HE, ARON HELEODORO, AND XINWEN ZHU
We pushforward via p,, to obtain:

| |
Pw xlsxtW_LGw — Pw,xW_LGw — Pw,xJx ©JW_LGw

Adg (Iw) Ady (Iw) Adg (Iw)
DPéirx O P1xW X, > Fuw 7 P’ x O P2xW__ Xo
Adg(Iw) J Adg(Iw)
Fair [2] ) fsw[l] > Fu Fir [2]

This finishes the proof. U

Lemma 4.11. For every O € W /o W we have the following factorization:

LG
(O, H)ro — D (i)

AN

TH(O,H) - 7 D (Adﬁ&G))

Proof. By [3, Lemma 3.1.7], we need to check that the following lax-commutative diagram
commutes:

Tr(0,H)-0 - fo D (Aﬁf(i%))
my,o] = T(izo)!
Tr(0,H) —F— D (Adf&G))

Concretely, given .# € Tr(0,H) we need to check that (i.0)'(F) € Tr(0,H)s0, that is
(iso)10(is0) (F) € Tr(©,H). By (1.31) this is equivalent to checking that (po).op}(F) €
Tr(0,H).

For 0" % O, let jor o : % — % be the qcgs open stratum and koo :

Zovo! . Zo\LGey Z . Z
A (LG) = Adg(LC?) — Adg((iG) its fp-closed complement. For any .% € D (W?;G)) we

have a cofiber-fiber sequence

(kor,0)s © (kor,0) (F) — F — (J0r,0)s © (J0,0) (F).

Since % = L] %, by induction it is enough to check that:
0 O”%O Oll#o/ 0
(4.19) (io)s 0 (i0)*(F) and (i )1 o (io)* (F) € Tr(O,H), for every O’ % O.

Recall that .# € Tr(©,H) if it can be written as a colimit of g, o p'(¥) where ¥ € H.
Moreover, we can write colimy, (fz)« © fo(9) = 4, where f, : Iw\LG<,/Iw < X. Since
any sheaf on D(Iw\ LG <, /Iw) is a colimit of wry\ LG, /Tw for w’ < w, it is enough to consider

4 = F,, as defined in Lemma 4.10. Thus, we need to check that:
(4.20)  (i0)x 0 ity (Fuw) and (o )1 0 ity (F) € Tr(0,H), for every O’ % O and w € W.
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By Lemma 4.10, we can assume that w is of minimal length in its 6-conjugacy class O,,.
In this case, by §2.2.1 LG,, is contained in a single Newton stratum of LG. Thus, ¢, factors
as the following Cartesian diagram:

I I
LGw Zw’ow LG@,LU Zow LG
Adg(Iw) Adg(Iw) > Adg(Iw)
/
qul J/q
LGo,, LG

Ads(LG) 10y Ade(LG)
Without loss of generality, we can assume that O, % O. Thus, we obtain:
(@)« © Pro (@1 10 /10) = (10,10 (60, )+ (25,) © (1D,)« © (1], 0,)+ © Pip(Wv 1/ 1)
~ (10,) 0 (10,)" s © (10, )+ © (14,0, ) © P @i L 1)
2 (10, ) © (10,,)" © (G © Py (Wi LG /1)

where we used Lemma 1.17 ((v)) for the base change isomorphism in the second line. A

similar computation gives (10,,)1 0%, © (quw)x © Py (Wi LG /1w) = (@) © iy Wi\ LG /1w0)
because ¢, ¢, and qbw are ind-fp proper. So (4.20) trivially holds when w is of minimal
length. This finishes the proof.

O

4.6. Proof of Theorem 4.3. (1) By Lemmas 4.4, 4.5, and 4.6 the augmented simplicial
object He AOp — Lincatg satisfies the Beck—Chevalley condition, so Proposition 4.1

implies that Tr(©,H) — D ( a6l G)> is fully faithful. The last claim is clear.

(2) By Proposition 4.1, Tr(@ H) is generated under colimits by the essential image of
CH. Notice that the definition of Tr(©,#H)so is equivalent to the formulations in (4.13)
and (4.14). By Lemma 4.9 and Lemma 4.11 the category Tr(0©, H)-o satisfy the conditions
of Proposition 4.8. Thus, we get an open 144 /o W-stratification of Tr(©,H).

(3) The claim follows from Lemma 4.10 and a similar argument as in the proof of Lemma
4.9.

APPENDIX A. STRATIFICATIONS OF CATEGORIES

A.1. Recollement. Let X be a presentable stable co-category. We say a subcategory
7:U — X is open, resp. 1 : Z — X is closed, if these inclusions extend to diagrams:

PN
/]\ K 1 ~.
U R X, tesp. Z —1— X .
S.. RR .- . 7
BV =R -

We follow the convention of [25, §A.1.1] for the terminology of closed and open (see loc. cit.
for a remark on how this compares to the different convention of [3]). Also, notice that in
[1, §3.1] a closed subcategory is referred to as admissible.
Let Opy — (PrL)/X (resp. Cly) be the full subcategory of open (resp. closed) subcate-

gories of X. A recollement is a diagram:

N
(A.1) U—R— X —1— Z,

S~ SRR SN IR A
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such that Im 7 = kersg, Im2 = kers®, and Im j®R = ker«®. In the diagram (A.1) either
the sub-diagram between U and X, or Z and X', determines the rest of the diagram. More
precisely, we have:
Proposition A.1. [1, Proposition 3.4] Let 1:Y — X denote a subcategory of X, then:
(1) if Y is open then one has a recollement:

/ 1 \ / ZL’L ~
(A.2) Vi—BR— Xl — Y+ |

S~ ,RR N SR =

where Y+ 1= {x € X | Mapx (1(y), z) =0, for ally € V}.
(2) if Y is closed, then one has a recollement:
SN TS

(A.3) Ve—1i— X —18— LY,
KZR/ ’\J‘ZRR/

where +Y = {x € X | Mapx(z,2(y)) =0, for ally € Y}.

Remark A.2. Given a continuous functor F' : Z — X between presentable stable oo-
categories, then F admits a right adjoint F'®. Moreover, if F' preserves compact objects,
then F® preserves filtered colimits. Thus, by the adjoint functor theorem, F® admits a
further right adjoint FR-R,

A.2. Stratification of presentable stable co-categories. Let P be a partially ordered
set (in short, poset). For some results, we need to assume that P is down-finite, i.e. for
every p € P the subset P¢, C P is finite.

Definition A.3. [3, Definition 1.3.2] An open P-stratification of X is a functor

/]P\
Us : P —Opy, pr— Uy «— i — X
\JER/‘

satisfying:
(i) colimpepU, ~ X (in Prl);

(ii) for every p,q € P one has a factorization:

U, N\U, — U,

+~
R
|

Uy —— &,

where U, NU, is the pullback of U, oy Uy;

(i) UyNnUy= U U = colim U, (in (PrL)/X) for every p,q € P.
(<p)N(<q) P<r NPy
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Definition A.4. A closed P-stratification of X is a (strict) functor:

AN
Ze:P—Cly, pr— 2, —w»— X

\ZZI;{/

satisfying:
(i) colimpep Z, ~ X (in Prl);

(ii) for every p,q one has a factorization:

where Z, N Z, is the pullback of Z, Byl Zg;
(i) Z,N2Z,= U Z,:= colim 2, (in (Pr)/x).
q

(<P)N(<9) < MP<

Notice that condition (iii) for the open stratification considers the colimit in Pr" whereas
for the closed stratification one takes the colimit in Pr®. When P is totally ordered, condi-
tions (ii) and (iii) are automatic, thus Definition A.4 recovers [1, Definition 3.6].

Remark A.5. Definition A.4 should be seem as a categorical analogue of the decomposition
of a scheme (or any more general geometric object) X ~ U;Z; where each Z; — X is closed
and Z; N Zj = Uy and kngk‘ Definition A.3 is the categorical analogue of decomposing
X ~ UjepU; where each U; — X is open and U; NU; = Uk}i and k>jUk' Notice that in nice
situations we can pass from the data of {Z;}ier to {U;}icror, via U; := X\ Z; and they both
are equivalent to giving a decomposition X ~ U;X;, where each X; is locally closed with
X; = Uj<;X; (the categorical version is given in §A.5). Notice that this is a more structure
situation that simply saying that for each i € I one has an open-closed decomposition
Zi— X < U; of X.

A.3. Open-closed correspondence. We start by explaining a construction that allows
us to pass from closed to open stratifications and vice-versa.

Let Z, : P — Cly be a closed stratification. For each p € P let R(Z), be defined by the
following recollement diagram:

/]P\ /’L%\
R(Z)p «—p— X «—w— JZ,,
\JﬁR/‘ \ZRJ q%p

where we claim that Ugx, 2, = cgliqu € Cly. Indeed, via the equivalence Pr® ~ (Prl)op
p

we have:

colim Z, =5 lim 2,
P)P (P},‘p)Op

where the limit is computed in Pr¥, equivalently in Pr (cf. [3, Observation 2.3.9]).
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Concretely, by Proposition A.1 we have R(Z), ~ (U, Z)t ~ Nz ZqL. Given p; — po,
notice that the diagram:

p1,p2
Zpl Zp2

lmi ilpz

X — X
idy

is horizontally left and right adjointable. Thus, the following commutative diagram defines

Jp2.p1
1 I l;pl
NZ—— ¥ — U2,
aZp aZp
+ id
JPQvPIJ e T@?Plv?PQ)L ’
i
Nz 5o ¥ o~ UZ
qZp2 #p2 qZp2
Moreover, notice that (Jp, )% = (Jp)F © Jp, gives a right adjoint to jp,,, and that

(oo )RR == (3p1 )R 0 (9p,)BR is a further right adjoint. Thus, we obtain a functor:
R(Z)e : P — Opy.

Similarly, given U, : P — Op, an open stratification, we can define R(Z/{)p via the
recollement diagram:

/]p\ /Z%\
Ul 8 — X <—w— RU), .
a#p \J;}R/‘ \lpR/r

The same argument as above gives that we have a functor R(U)s : PP — Cly.

Proposition A.6. Let P be a down-finite poset and X a presentable stable co-category.
The following data are equivalent:

(1) a closed P-stratification Z4 : P — X;
(2) an open P°P-stratification Us : PP — X.

Proof. We prove (1) = (2), and the direction (2) = (1) is similar. We will prove that
R(Z)e : P°? — Opy is an open stratification. First notice that one has:

X/ colimR(Z)e >~ colim | | Z,~0
por pePoP
aZp
since the indexing set Py, vanishes for p € P°P? a maximal element, which exists if P is
down-finite.
We verify conditions (ii) and (iii) from Definition A.3.
Condition (iii) follows directly from the computation:

r
qe(Pépl)Opn(Pépg)Op q€P<p NP<p, r

colim R(Z);~ lim () 2o~ () 2 =RE@)pNRE),,.
EP?/‘ TGP;plﬂP;pQ
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For (ii), notice that the diagram on the left determines the diagram on the right by consid-
ering quotients inside of X

(Z>p1ﬂ>p2,>P2)L
Zp——"— U 2,

J ),
(Zp1)N(Fp2) (¥p2) R(Z)p, NR(Z)p, TR, R(Z)p,
(Zfzplﬂ:\ép%zl’l )L (Z>p2)L ~ Jp1Np2,p1 Jpo
Z. 4 X R(Z c X
(}‘Lgl) ' P ( )pl e

By passing to the right adjoint on the horizontal arrows on both diagrams we obtain lax-
commutative diagrams:

YEp1NFpo, 2
z, P1N#P2, 7Py U z,

( o) B
(o) (2p2) (#p2) R(2)p NR(Z)p, <2272 R(2),,
(v#p1n#pg. 201 )" \ (zp)™ ™7 Ipinp2p \ Jpy
Z, >y X R(Z),, < X
<>91> P () ()T

where the double arrow specifies the not necessarily invertible 2-morphism. By a closed
variant of [3, Lemma 3.4.5] the left diagram actually commutes, which implies that the
right diagram also commutes. t

A.4. Glueing diagrams.

A.4.1. Open variant. Let U, : P — Opy be an open stratification of X. For each p € P we
define the pth stratum X, by the following recollement diagram:

L oL
o T%a.q \ — iy ~
colimU, < I%q.qa — Z/fp —ip — Xp .
TGP;q /\ R A
B p
24,q

We then define:

jR 3 RR

L o
O, X, 2 X, and pP X, B U, 2 X

which give an adjunction (®,, p?). For each p — ¢ in P we define the open glueing functor
to be:

(A.4) a2 T,

Notice that for each pair of composable arrows p — ¢ — r in P we obtain a natural
morphism: I = I'} o I'). These assemble into a left-lax P-module (see [3, §A.1] for a
precise definition):

(A.5) P— ¢ — Pl

1

We refer to (A.5) as the open glueing diagram.
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A.4.2. Closed variant. Let Z, : P — Cly be a closed stratification of X. Following [3,
Definition 1.3.5] we pose:

Definition A.7. For each p € P the pth stratum X, of Z, is defined by the following

recollement diagram:
o WI;; ~ e ZIip,p ~
Xp < Tp — Zp &< o — U Z.

S~ R A N R P Pxp
P Yp.p
where |J Z, := colim Z, ~ lim Z,, where the limit is taken in Prl with respect to
Pop rePy, r€(Pyp)°oP
ZII;H:Zq—)Zp for p — ¢ in P.
Now we define:
L R

VX 2 2, T X and vy X, 5 2, 0 X,
which give an adjunction (U?,1,). For each p — ¢ we define the closed glueing functor:

m.x, 2 x 2 x,
Notice that for each composable pair of arrows p — ¢ — r, the counit of the adjunction
(U,,v7) gives a natural morphism I'} o ry =1

Remark A.8. Notice that if the bottom line composition vanishes, then one has a factor-
ization:
U z/ U 2 — 4,

P<p,<a P<p.<a,>p

| §
U z——— U 2&— Z,

9

Pxp.<q P<p,<q 4
[ [ v
Uz - Z, - y X
Pxp

here we abbreviated P(<p)n(<q) = P<p<q and similarly for other subscripts. Notice that

if p £ g then P, <y = P<p<g>p- 50 U 2/ U 2, ~ 0 and the composite v, o 1,
P<p.<q P<p.<azp

vanishes. In particular, I'; also vanishes. The open glueing functors have a similar property,

namely I') vanishes whenever ¢ £ p.
The glueing functors assemble into a right-lax P°P-module:
(A.6) pop — 7 — Prl.

We refer to (A.6) as the closed glueing diagram.
The main result of [3] is that one can reconstruct an (open/closed) stratification from an
(open/closed) glueing diagram.

Theorem A.9. [3, Theorem A (1) and (2)] Assume that P is down-finite. Let X be a
presentable stable co-category.
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(1) The data of an open P-stratification of X is equivalent to the data of (A.5). Moreover,
one has an equivalence:

X = lim 9°P(X),
sd(P)

where sd(P) is the subdivision poset associated to P (see [3, Definition A.4.2]).
(2) The data of a closed P-stratification of X is equivalent to the data of (A.6). Moreover,

one has an equivalence:

colim¥%(X) = X.
sd(P)

Remark A.10. Let Z, : P — X be a closed stratification and R(Z)e : P°® — X the corre-
sponding open stratification constructed in §A.3. By [3, §1.10] (see §3.2.4 for an example)
one also has a reflected open glueing diagram associated to R(Z)s:

pop —rixﬁ Prl. .

When P is down-finite, one has equivalences:

colim %V(X) = X & colim¥(X).
sd(Pop)op sd(P)

In other words, the glueing of X given by its closed stratification is equivalent to the reflected
glueing given by the corresponding open stratification.

For clarity, we summarize the results of this appendix:
op.-cl. constr.

(cl. strat. Z¢: P — X) ¢--=-------—-—--- » (op. strat. Us : PP — X))
cl. glueing ey . . op. glueing
} __--="" refl. op. glueing
(g L PP PrL> <§é L PP PrL>
r.lax Llax

FIGURE 1. Dependence of decomposition notions.
In the above diagram, the dashed arrows are equivalences whenever P is down-finite,
whereas the dotted arrow is an equivalence when P°P is down-finite. One could conceive
other constructions to complete the above diagram, we leave that to the reader.

A.5. Semi-orthogonal decomposition. Let X be a presentable stable co-category. By
definition, a P-indexed semi-orthogonal decomposition of X is a right lax functor:

X,: P — Prt

r.lax
satisfying:
(i) for every ¢ £ p one has XpJ- — Ay
(ii) colimgq(py &) = X (in PrR).
Both conditions above have very concrete descriptions. Condition (i) is equivalent to saying
that for any x, € X, and z, € X; we have: Mapy (V9(x,), ¥P(x,)) = 0 for ¢ £ p. Condition
(ii) is equivalent to requiring that X is the smallest stable subcategory of X’ containing the

essential image of VP : X}, — X for all p € P.
The following is a consequence of Theorem A.9.
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Corollary A.11. Assume that P is down-finite. For X a presentable stable co-category,
the following data are equivalent:

(1) a closed stratification Ze : P — Cly;
(2) an open stratification Us : PP — Opy;

(3) a semi-orthogonal decomposition X : P e (PrL)/X.

Following the arguments in [3, §7], one obtains analogues of all the constructions and
results in the appendix for X an idempotent complete, i.e. its underlying homotopy category
is idempotent complete, (small) stable oco-category.

Remark A.12. When P is totally ordered, the equivalence of (1) and (3) in the version of
Corollary A.11 for idempotent complete small stable co-categories recovers [1, Proposition
3.8]. When P is not totally ordered [1, Definition 3.6] considers a semi-orthogonal decom-
position the data of Z : P — Cly satisfying only condition (i) of Definition A.4. We stress
that for our applications the correct notion is the one considered in Corollary A.11.
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